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Abstract. The paper deals with root location problems for two classes of uni- 
variate polynomials both of geometric origin. The first class discussed, the 
class of Steiner polynomial, consists of polynomials, each associated with a 
compact convex set V C R™. A polynomial of this class describes the volume 
of the set V + tB n as a function of t, where t is a positive number and B n 
denotes the unit ball in R™. The second class, the class of Weyl polynomi- 
als, consists of polynomials, each associated with a Riemannian manifold M, 
where M is isometrically embedded with positive codimension in R n . A Weyl 
polynomial describes the volume of a tubular neighborhood of its associated 
M as a function of the tube's radius. These polynomials are calculated explic- 
itly in a number of natural examples such as balls, cubes, squeezed cylinders. 
Furthermore, we examine how the above mentioned polynomials are related 
to one another and how they depend on the standard embedding of K" into 
R m for m > n. We find that in some cases the real part of any Steiner poly- 
nomial root will be negative. In certain other CELS6S, cl Steiner polynomial will 
have only real negative roots. In all of this cases, it can be shown that all of 
a Weyl polynomial's roots are simple and, furthermore, that they lie on the 
imaginary axis. At the same time, in certain cases the above pattern does not 
hold. 
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Erasmus Darwin, the nephew of the great 
scientist Charles Darwin, believed that 
sometimes one should perform the most un- 
usual experiments. They usually yield no re- 
sults but when they do .... So once he played 
trumpet in front of tulips for the whole day. 
The experiment yielded no results. 
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1. H. Weyl and J. Steiner polynomials. 

Let M be a smooth manifold, 

dimM = n, 

which is embedded injectively into the Euclidean space of a higher dimension, say 
n + p, p > 0. We identify M with the image of this embedding, so 

M c R n+P . 

For x € M, let N x be the normal subspace to M at the point x. N x is an affinc 
subspace of the ambient space M n+P , 

dim N x = p. 

For t > 0, let 

D x {t) ={yeN x ; dist(y, x) < t}, (1.1) 

where dist(y,x) is the Euclidean distance between x and y. If the manifold M is 
compact, and t > is small enough, then 

D X1 (t) n D X2 (t) = for i 1 eM,i 2 €M,a;i^2. (1.2) 
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Definition 1.1. The set 

XC(*)= U D *® (1-3) 

is said to be the tube neighborhood of the manifold M, or the tube around M. The 
number t is said to be the radius of this tube. 



Is it clear that for manifolds M without boundary, 

1 R M P (t) = {x£ R n+P : dist(x,M) < t}, (1.4) 

where dist(ir, M) is the Euclidean distance from x to M. Thus, for manifolds with- 
out boundary, the equality (| 1 .4|) could also be taken as a definition of the tube 
2/jy[(i). However, for manifolds M with boundary the sets 1 M ^ P (t) defined by (|1.3[) 
and (jl.4| do not coincide. In this, more general, case the tube around M should be 
defined by (|1.3p . but not by (|1.4|) . Hermann Weyl, |Weyl| , obtained the following 
result, which is the starting point of our work: 



Theorem (H.Weyl). Let M, dimM = n, be a smooth compact manifold, with or 
without boundary, which is embedded in the Euclidean space M n+P , p > 1. 

/. If t > is small enough, then the (n + p) - dimensional volume of the tube 

1 R ^ P (t) around M, considered as a function of the radius t of this tube, is a 

polynomial of the form 

[f] 

Vol n+p (1 R M P (t)) = cV(^> 2; , p (M) -t 21 ), (1.5) 

i=o 

where 



r P/2 



(1.6) 



p ~ r(§ + i) 

is the p-dimensional volume of the unit p - dimensional ball. 

II. The coefficients M2Z, P (M) depend on p as follows: 

«ai, P (M) - * • w 2l (M) , 0<l< [f ] , (1.7) 

where the values W2i(M), < / < [^], may be expressed only in terms of 
the intrinsic metric^ of the manifold M. In particular, the constant term 
uo, p (M) = wq(M) is the n-dimensional volume o/M: 

w (M) = Voln (M). (1.8) 

H. Weyl, | Weyl J, expressed the coefficients ui2i(Ni) as integrals of certain rather 
complicated curvature functions of the manifold M. 



1 If the condition 11. 21 1 is satisfied. 

2 That is, the metric which is induced on manifold JYt from the ambient space R n+P . 
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Remark 1.2. In the case when M is compact without boundary and even dimen- 
sional, say n = 2m, the highest coefficient u>2 m (M) is especially interesting: 

w 2m (M) = (2^) m x (M), (1.9) 

where x(^VC) is the Euler characteristic of M. (See [Grai Section 1.1].) 

Definition 1.3. Let M, dimM = n, be a smooth manifold, with or without bound- 
ary, M C M n+P , p > 1. Let ^ M ^ P (t) be the tube of radius t around M, see fO]) . 
The polynomial W^-(i), which appears in the expression (| 1 . 5[) : 

Vol n+p (T R " t +P (0) = ^ P <P ' for small positive i, (1.10) 

is said to be the H. Weyl polynomial with the index p for the manifold M. 

Remark 1.4. The radius £ of the tube is a positive number, so the formula (jl.lOp is 
meaningful for positive t only. However the polynomial is determined uniquely 
by its restriction on any fixed interval [0, e], e > 0, and we may and will consider 
this polynomial for every complex t. 

Definition 1.5. Let M be a smooth manifold, dimM = n, which is embedded in the 
Euclidean space M. n+P , p > 1, and let be the Weyl polynomial of M (defined 
by (fL2]) . (fl~T0|) ). The coefficients iu 2 i(M), < / < [n/2], which are defined in terms 
of the Weyl polynomial by the equality 



U^'^^f^^'MV/^ .1.11) 



dot \ 2 ~ I c\f\ .21 



are said to be the Weyl coefficients of the manifold M. 

Remark 1.6. Often, the factor in (jl.lip appears in a expanded form: 

2-*r(§ + i)_ i 



r(f + 1 + 1) (p + 2)(p + 4) ■•• (p + 2l) 



(1.12) 



Remark 1.7. In defining the Weyl polynomials of the manifold M by (|1 . 10|) . 
we assumed that M is already embedded into W l+P . The tube around M and its 
volume are of primary importance in this definition, so that we, in fact, define the 
notion of the Weyl polynomial not for the manifold M itself but for manifold M, 
which is already embedded in an ambient space. Moreover, we assume implicitly 
that from the outset the manifold M carries a 'natural' Riemannian metric and 
that this 'original' Riemannian metric coincides with the metric on M induced by 
the ambient space R™ +p . (In other words, we assume that the imbedding is isomet- 
rical.) However, in this approach the 'original' metric does not play an 'explicit' 
role in the definition (|l.ip - (|1.10p - (|l.ll|) of the Weyl polynomial and the Weyl 
coefficients W2i(M). 

There is another approach to defining the Weyl coefficients and the Weyl 
polynomials which does not require an actual embedding M into the ambient 
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space. Starting from the given Riemannian metric on M, the Weyl coefficients 
W2i(M) can be introduced formally, by means of the Hermann Weyl expressions 
for W2i{M,) in terms of the given metric on M. Then the Weyl polynomials W^(t) 
can be defined by means of the expression In this approach, the intrinsic 

metric of M is of primary importance, but not the tubes around M and their 
volumes. 

If the codimension p of M equals on^f| and dimM = n, the Weyl polynomial 
is of the form: 

[f] 

Vo\ n+1 (^ 1 (t)) = 2t-W' l (t), = 5> 2i (MH a , (1.13) 

1=0 

where ^ 

U2i(M) = r( 2 i 1} ^(M), 0<Z<[|]. (1.14) 

In (|1.13p the 'shortened' notation is used: U2i(M) instead of W2z,i(M). The factor 
It is the one-dimensional volume of the one-dimensional ball of radius t, that is, 
the length of the interval [— t, t]. 

If the hypersurface M is orientable0, then the tube T]yt (t) can be decomposed 
into the union of two half-tubes, say, T^(i) and T^(t). The half-tubes T^vt(i) and 
T^(i) are the parts of the tube Tjrt(i) which are situated on the distinct sides of 
M. In particular, if the hypersurface M is the boundary of a set V : M = dV, 
then 

T+(i) = T M (i)\y, i M (i) = %(t)nv. (i.i5) 

The (n + 1)- dimensional volumes Vol„+i(TjJj-(i)) and Vol n +i(X-^-(i)) of the half- 
tubes are also polynomials of t. These polynomials are of the form|j: 

Vol„+i (£+(*)) = *W + (t), Vo\ n+1 (1 M (t)) =tW M (t) , (1.16) 

where: 

If] p±i]-i 

W + (t) = ^2u 2l {M)-t 21 +t J2 W2/+i(M)-t 2 ', (1.17a) 

1=0 1=0 

[f] P^l-i 
W M (t) = J2u 2l (M)-t 21 -t u 2l+1 (M)-t 21 , (1.17b) 

1=0 1=0 

and the coefficients U2i(M,) are the same as those in (|1.13j) - (|1.14[) . Unlike the coef- 
ficients U2i(M), the coefficients M2/+i(M) depend not only on the 'intrinsic' metric 

3 In other words, JVt is a hypersurface in R™+ 1 . 

4 The orientation of the hypersurface JVC can be specified by means of the continuous vector 
field of unit normals on JVC. The half-tubes (t) and Xj^ (t) are the parts of the tube (t) 
corresponding to the 'positive' and 'negative', respectively, directions of these normals. 
5 The equalities HI. 161 1. HI. 171 1 are some of the results of the theory of tubes around manifolds. 
See [Ural , |BeGo| , [MTa| 
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of the manifold M, but also on how M is embedded into R ra+1 . It is remarkable 
that when the volumes of the half-tubes are summed: 

2W M (t) = W + (t) + W M (t), 

the dependence on how M is embedded disappears. As it is seen from (j!.17|l . 
= W + (-t), hence 

2W M (t)=W + (t) + W + (-t). (1.18) 

We remark also that the volumes of the half-tubes can be expressed only in the 
terms of the polynomial Wj^: 

Vol„+i(T+ (i)) = t t ) for small positive t . (1.19a) 

Vol„ + i(T^.(t)) =iW + (-*) for small positive t . (1.19b) 

The theory of the tubes around manifolds is presented in [Graj , and to some extent 
in |BeGoj . Chapter 6, and in | AdTaj . Chapter 10. The comments of V.Arnold ArnJ 
to the Russian translations of the paper [Weylj by H.Weyl are very rich in content. 

In the event that the hypersurface M is the boundary of a convex set V: 
JVC = dV, the Weyl polynomial WjL can be expressed in terms of polynomials 
considered in the theory of convex sets. 

In the theory of convex sets the following fact, which was discovered by 
Hermann Minkowski, MinTl lMin2j . is of principal importance: Let V\ and V% be 
compact convex sets in M n . For positive numbers t%, t%, let us form the 'linear com- 
bination' t\V\ + t^Vi of the sets V\ and V%. [That is, t{V\ + t^Vi = {ti^i + ^2^2 : 
x\ G Vi, x<i G V2}.) Then the n-dimensional Euclidean volume Vol„(iiVi + £2^2) 
of this linear combination, considered as a function of the variables t\,ti, is a ho- 
mogeneous polynomial of degree n. (It may vanish identically.) 

Choosing V as V\ and the unit ball B n of R" as V2 , we obtain the following: 

Let V be a compact convex set in MP, B n be the unit ball in R™. Then the n- 
dimensional volume Vo\ n (V + tB n ), considered as a function of the variable t G 
[0, 00), is a polynomial of degree n. 

Definition 1.8. Let V C MP be a compact convex set. The polynomial which ex- 
presses the n-dimensional volume of the linear combination V + tB n as a function 
of the variable t G [0, 00) is said to be the Steiner polynomial of the set V and is 
denoted by S*P(t): 

Sf(t)=Voln(V + tB n ), (fe[0,oo)). (1-20) 
The coefficients of a Steiner polynomial are denoted by (V): 

ST(t)= ]T sf(V)t k . (1.21) 

0<fc<n 
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If there is no need to emphasize that the ambient space is M" , then the shortened 
notation Sv(t), Sk(V) for the Steiner polynomial and its coefficients, respectively, 
will be used. 

Of course, 

Sf(t) = Vol n (W« n (t)), 
where 23* (t) is the t- neighbor hood of the set V with respect to R": 

5J^" (t) R" : dist(a;, V) < t}. (1.22) 

It is evident that 

s (V)=Vol n (V), and s n (V) = Vol n (B n ). (1.23) 

If the boundary dV of a convex set V is smooth, then the (n — l)-dimensional 
volume ('the area') of the boundary dV can be expressed as 

Sl (F)=Vol„_x(dV). (1.24) 

For a convex set V, whose boundary dV may be non-smooth, the formula (|1.24p 
serves as a definition of the 'area' of dV. (See [EEl 31], [MmTU 24]. |Webl 6.4].) 
Let us emphasize that the Steiner polynomial is defined for an arbitrary compact 
convex set V, without any extra assumptions. The boundary of V may be non- 
smooth, and the interior of V may be empty. In particular, the Steiner polynomial 
is defined for any convex polytope. 

Definition 1.9. Let V C M" be a convex set. V is said to be solid if the interior of 
V is not empty, and non-solid if the interior of V is empty. 

Definition 1.10. A set M C IR ra+1 is called an n-dimensional closed convex surface 

if there exists a solid compact convex set V C K n+1 , such that 

M = dV. (1.25) 
The set V is said to be the generating set for the surface JVC. 

Lemma 1.11. If the closed n - dimensional convex surface JVC is also a smooth man- 
ifold, then the Weyl polynomial Wj^ of the surface JVC and the Steiner polynomial 
S\ + of its generating set V are related in the following way: 

2tW^(t) = S M y + \t) - 5 R ; +1 M). (1-26) 

Proof of Lemma \1.11\ We assign the positive orientation to the vector field of 
exterior normals on dV. Let 1g V (t) be the 'exterior' half-tube around dV. For 
positive t, 

V + tB n+1 = V(Jl+ v (t), 
Moreover the set V and Tg V (t) do not intersect. Therefore, 

Vol n+1 (V + tB n+1 ) - Vol n+1 (V) + Vol„+i (T+ y (i) ) . 

Hence, 

S v (t) = S v (0) +tW + (t), M = dV, 
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where is a polynomial of the form (| 1 . 16[) (with n replaced by n + 1: now 
dim V = n + 1). It follows, furthermore, that: 

Sv(-t) = S v {0)-tW + (-t). 

The equality (|1.26|) follows from the latter equality and from (|1.18[) . □ 

Since the Steiner polynomial is defined for an arbitrary compact convex set, 
the formula (|1.26p can serve as a definition for the Weyl polynomial of an arbitrary 
closed convex surface, smooth or non-smooth. Furthermore, we can define the Weyl 
polynomial for the 'improper convex surface dV\ where V is a non-solid compact 
convex set. 

Definition 1.12. Let V, V C R" +1 , be a compact convex set. The boundary dV of 
the set 7 is said to be the boundary surface of 7. The boundary surface of V is 
said to be proper if V is solid, and improper if V is non-solid. 

The following improper closed convex surface plays a role in what follow: 

Definition 1.13. Let 7 C R n be a compact convex set, which is solid with respect 
to R n . We identify l n with its image R™ x using the 'canonical' embedding 
R™ into R n+1 and the set 7 with the set 7x0, considered as a subset of R n+1 : 
V x C W n+1 . The set 7 x 0, considered as a subset of is said to be the 

squeezed cylinder with the base 7. 

Remark 1.14. The set 7 x can be interpreted as a ' cylinder of height' zero, 
whose 'lateral surface' is the Cartesian product dV x [0, 0] and whose bases, lower 
and upper, are given the sets 7 x (—0) and 7 x (+0), respectively: 

d(V x 0) = ((57) x [0, 0]) U (7 x (-0)) U (7 x (+0)) . (1.27) 

In other words, the boundary surface d(V x 0) can be considered as 'the doubly 
covered' set 7. In particular, 

dim<9(7 x 0) = n. (1.28) 

and the number Yo\ n {V x (-0)) + Vol„(F x (+0)) = 2 \o\ n {V) can be naturally 
interpreted as the 'n- dimensional area' of the n- dimensional convex surface (im- 
proper) d(V x 0): 

Vol„(<9(F x 0)) = 2Vol„(F). (1.29) 

On the other hand, the equality (|1.24[) , in which the squeezed cylinder V x C 
R ra+1 plays the role of the set V C R n , takes the form 

Vol n (d{V x 0)) = sf +1 (7x0), (1.30) 

where s^™ +1 (7x0), k = 0, 1, . . . , n + 1, are the coefficients of the Steiner poly- 
nomial iS'y^o (t) of the squeezed cylinder 7x0 with respect to the ambient space 
R" +1 . (See (OTP .) 

6 The point x e M n is identified with the point (x, 0) G R n+1 . 
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In section[TT]we prove the following statement, which there appears as Lemma 

EH 

Lemma 1.15. Let V be a compact convex set in W 1 , and 

Sf(t)= £ sf(V)t k (1.31) 
0<k<n 

be the Steiner polynomial with respect to the ambient space R n . Then the Steiner 
polynomial S^ x0 (t) with respect to the ambient space R™ +1 is equal to: 

0)=tE TfBTXTT (L32) 

0<fc<n 1 \ 2 + L ) 



So, 

S f + > x 0) = 0, sf + T(V x 0) = sf (V), k = 0, ... , n. 

In particular, x 0) = 2s?" (V). Since sf (F) = Vol„(y), see fT23| . 

sf +1 (V x 0) = 2Vol„(F). (1.33) 
The equalities (fTT^j) . (fOtJ)) and (fTT55|) agree. 

Remark 1.16. Any non-solid compact convex set V can be presented as the limit 
(in the Hausdorff metric) of a monotonic0 family {V E } e >o of solid convex sets V £ : 

V = lim V e . 

Moreover, the approximating family {14}e>0 of convex sets can be chosen so that 
the boundary d(V e ) of each set V e is a smooth surface. Thus, the improper convex 
surface dV may be presented as the limit of proper convex smooth surfaces d(V e ) 
which shrink to dV: 

dV = lim d(V £ ). 

Definition 1.17. Let V, V C be an arbitrary compact convex set. The Weyl 

polynomial Wg V (t) of the convex surface M = dV, proper or improper, is defined 
by the formula (|1.26[) . In other words, the Weyl polynomial t Wq V is defined as 
the odd part of the Steiner polynomial S^ +1 : 

t-WMt) = °S m ; +1 (t), (1-34) 

where the even part P and the odd part °P of an arbitrary polynomial P are 
defined as E P(t) = \{P{t) + P(-t)), °P{t) = ±(P(t) - P(-t)), respectively. (See 
Definition O) 



7 The monotonicity means that V e > D V e n D V for e' > e" > 0. 
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Remark 1.18. In the case when the set V is solid and its boundary dV is smooth, 
both definitions, Definition 1 1.1 71 and Definition [O] of the Weyl polynomial W^ v , 
are applicable to dV. In this case both definitions agree. 

Remark 1.19. Why would it be useful to consider improper convex surfaces and 
their Weyl polynomials? 

As it was mentioned earlier, (Remark I1.16[) . every improper convex surface dV 
is a limiting object for a family of proper smooth convex surfaces d(V £ ). It turns 
out that the Weyl polynomial for this improper surface is the limit of the Weyl 
polynomials for this 'approximating' family {14} £ >o of smooth proper surfaces. 
The Weyl polynomials for the improper surface dV may, therefore, be useful for 
studying the limiting behavior of the family of the Weyl polynomials for the proper 
surfaces d(V e ) shrinking to the improper surface dV. In particular, see Theorem 
12.121 formulated at the end of Section [2j and its proof, presented at the end of 
Section [TlJ 

Let M be an n - dimensional closed convex surface, which is not assumed to 
be smooth, and V the generating convex set for M: M = dV. Let S v " be the 
Steiner polynomial for V, defined by Definition 11.81 According to Definition 11.171 
the Weyl polynomial Wj^ is equal to 

W^(t)= ]T s 2l+1 (V)t 21 , (1.35) 
°<i<[t] 

or, alternatively, 

u 2 i(M) = s 2l+1 (V), 0</<[f], (1.36) 

where Uai(M) are the coefficients of the Weyl polynomial W^, (|1.13[) , of the n- 
dimcnsional surface M with respect to the ambient space R™ +1 and Sk(V), k — 
21 + 1, are the coefficients of the Steiner polynomial S R V : 

S R ; +1 (t)=Vo\ n+1 (V + tB n+1 ), S R ; + \t)= J2 s k(V)t k . (1.37) 

Q<k<n+l 

Definition 1.20. Given a closed n- dimensional convex surface M, proper or not, 
M = dV, the numbers iU2j(M), < / < [§], are defined as 

W2l (M) = 2 l ^±^sr l : 1 1 (V), (1.38) 

where + (V), k = 21 + 1, are the coefficients of the Steiner polynomial S\ + 
for the generating set V, (|1.37p . The numbers U)2i(dV), < I < [?•], are said to 
be the Weyl coefficients for the surface M. 

Remark 1.21. According to Lemma 11.151 in the event that the (improper) con- 
vex surface M,dimM = n, is the boundary of the squeezed cylinder (see Defini- 
tion EES]), that is, if M = d(V x 0), where V C R", then the Weyl coefficients 
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w a (M), < / < [f 



are: 



w 2l (M) 



2 l+1 r(i + i)sf(v) 



(1.39) 



where (V), k — 21, are the coefficients of the Steiner polynomial Sy for the 
base V of the squeezed cylinder d(V x 0). 

Remark 1.22. In the case when the convex surface M, M = dV, is smooth and 
'proper', that is, the set V generating the surface M is solid, both definitions, 
Definition 11.201 and Definition 11.51 of the Weyl coefficients w 2 i(M.) are applicable. 
In this case, accordingly to Ijl.l3|) - ljl.l4|) and ()1 .36[> - (ll.38|) Fl both definitions agree. 

Note, that according to (|1.24|) , (see also Remark 11.141) , 



for every n- dimensional closed convex surface M. 

Lemma 1.23. I. Let V , V C K n , be a solid (with respect to W 1 ) compact convex set. 



positive: sf (V) > 0, < k < n . 

II. Let M be a proper compact convex surface, dimM = n. Then all its Weyl 
coefficients W2i(M) are strictly positive: W2i(M) > 0, < I < [^] . 

III. LetJA. be the boundary surfac¥^\of a squeezed cylinder, whose base V , dim V = 
n, is a compact convex set which is solid with respect to R". Then all its Weyl co- 
efficients W2i(M) are strictly positive: w 2 i(M) > 0, < I < [^} . 

Statement I of Lemma 11.231 is a consequence of a more general statement 
related to the monotonicity properties of the mixed volumes. This will be discussed 
later, in Section [U Statements II and III of Lemma fl.231 are consequences of the 
statement I and ([OS]) . P5) . 

Definition 1.24. Given a closed n - dimensional convex surface M, the Weyl poly- 
nomial W£ for JVC with the index p, p = 1, 2, 3, . . . , is defined as 



where the Weyl coefficients W2/(M) are introduced in Definition 11.201 

Let us emphasize that in Definition 11.241 no assumption concerning the smo- 
othness of the surface M are made. We already mentioned that the definitions 
of the Weyl coefficients w 2 i for smooth manifolds and for convex surfaces agree. 
Therefore, if the convex surface M is also a smooth manifold, then the definitions 
11.31 and 11.241 of the Weyl polynomial agree as well. 

We also define the infinite index Weyl polynomial Wj£ . 



wo(M) = Vol„(M) 



(1.40) 





(1.41) 



8 Actually, the equalities QL14J I. I|1.36|l served as a motivation for Definition 11.201 
9 See OO}, fT2Tt . 

10 See Definition n~13l and Remark OH 
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Definition 1.25. Let M, dimM = n be either a smooth manifold, or a closed 
compact convex surface, and let W2z(M), I — 0, 1, ... , [§], be the Weyl coefficients 
of M, defined by Definition 11.51 in the smooth case, and by Definition 1 1 . 201 in the 
convex case. The infinite index Weyl polynomial is defined as 

[f] 

W^(i)=$> 2i (M)-i 2 '. (1.42) 

1=0 

Remark 1.26. In view of (fl~T2l , 

w&(Vpt) = mm) + | (p + 2)(p 4.,, (p + 20 «*M • ** . 

Therefore, the polynomial W^(t) can be considered as a limiting object for the 
family {W^(^/pt)} 1 2 3 of the (renormalized) Weyl polynomials of the index 
p: 

W%(t)= lim W p M (^pt). (1.43) 

p— >oo 

Thus, the sequence 2 3 of the Wey] polynomials, degW^ = 

2 [77] , as weh as the 'limiting' polynomial , are associated with any closed 
n - dimensional convex surface M. 

Weyl polynomials (and Steiner polynomials in the convex case) somehow describe 
intrinsic properties of the appropriate manifolds. On the other hand, there are remark- 
able geometrical objects such as regular polytopes, compact matrix groups, spaces of 
constant curvatures, etc. Our belief is that the Weyl polynomials associated with these 
geometric objects are of fundamental importance and possess interesting properties. 
These polynomials should be carefully studied. In particular, the following question is 
natural: 

What can we say about the roots of such polynomials? 

Remark 1.27. In the theory of lattice polytopes, the Ehrhart polynomials are a 
counterpart to the Steiner polynomials. For more on the Ehrhart polynomials we 
refer to |BeRo] . See also [Gruj . Location of the roots of Ehrhart polynomials was 
studied in [BLD] , [BHW] . 



2. Formulation of main results. 

In this section we formulate the main results on the locations of roots belongings 
to Steiner and Weyl polynomials related to convex sets and surfaces. 
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Dissipative and conservative polynomials. We introduce two classes of polyno- 
mials: dissipative polynomials and conservative polynomials. In many cases the 
Steiner polynomials related to convex sets are dissipative and the Weyl polynomi- 
als are conservative. 

Definition 2.1. The polynomial M is said to be dissipative if all roots of M are 
situated in the open left half plane {z : Rez < 0}. The dissipative polynomials are 
also called the Hurwitz polynomials or the stable polynomials. 

Definition 2.2. The polynomial W is said to be conservative if all roots of W are 
purely imaginary and simple, in other words, if all roots of W are contained in the 
imaginary axis {z : Rez = 0} and each of them is of multiplicity one. 

Theorem 2.3. Given a closed compact convex surface M, dimM = n, M = dV , 

let Wj^ be the Weyl polynomial of index 1 associated with M, and let S\ be the 
Steiner polynomial associated with the set V . 

If the polynomial S\ + is dissipative, then the polynomial is conservative. 

The proof of Theorem 12.31 is based on the relation (|1.26[) . Theorem 12.31 is 
derived from (|1.26[) using the Hermite-Biehler Theorem. We do this in Section [71 

From (|1.43[) it follows that if for every p the polynomial has only purely 
imaginary roots, then all the roots of the polynomial W-^ are purely imaginary 
as well. In particular, all the roots of the polynomial Wj^ are purely imaginary if 
for every p the polynomial K is conservative. 

However, what is important for us is that, the converse statement: 

Lemma 2.4. If the polynomial is conservative, then all the polynomials W^, 
p = 1, 2, 3, . . . , are conservative as well. 

Lemma 12.41 is the consequence of a result of Laguerre about the multiplier 
sequences. Proof of Lemma 12^41 appears at the end of Section [5] 

Keeping Lemma 12.41 in mind, we will concentrate our efforts on the study of 
the location of the roots of the Weyl polynomial Wy£ with infinite index. 

The case of low dimension. In this section we discuss the Steiner polynomials of 
convex sets V, V C K ra , and the Weyl polynomials of closed convex surfaces M, 
dimM = n, for 'small' n: n = 2, 3, 4, 5. 

Theorem 2.5. Let n be one of the numbers 2, 3, 4 or 5, and let V, V C W 1 , be a 
solid compact convex set. Then the Steiner polynomial Sy is dissipative. 

Theorem 2.6. Let n be one of the numbers 2, 3, 4 or 5, and let M be a closed 
vroverV^ convex surface of dimension n. 

Then the following hold: 
1 . The Weyl polynomial Wj? with infinite index is conservative. 



lr That is, the generating set V is solid. 
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2. For every p = 1, 2, 3, . . . , the Weyl polynomial with index p is conser- 
vative. 

Remark 2.7. After this work was completed, Martin Henk called our attention to 
Remark 4.4 of |Tei] . which appears on the last page of this paper. In this remark, 
the statement is formulated which is very close to our Theorem l2.5l Some negative 
results are stated there as well. Detailed proofs are lacking. 

Theorem 12.51 and 12.61 are proved in Section 1101 In proving these theorems, 
we combine the Routh-Hurwitz Criterion, which expresses the property of a poly- 
nomial to be dissipative in terms of its coefficients, and the Alexandrov-Fenchel 
inequalities, which express the logarithmic convexity property for the sequence of 
the cross-sectional measures of a convex set. 



Selected 'regular' convex sets: balls, cubes, squeezed cylinders. For large n, the 
statements analogous to Theorems 12.51 and 12.61 do not hold. If n is large enough, 
then there exists solid compact convex setqlj V , dim V = n, such that the Min- 
kowski polynomials are not dissipative and the Weyl polynomials Wg V 
are not conservative. However, for some 'regular' convex sets V, like balls and 
cubes, the Weyl polynomials Wg V are conservative and the Steiner polynomials 
are dissipative in any dimension. 

Let us present the collection of 'regular' convex sets and their boundary 
surfaces, which we will be dealing with further on. Such sets and surfaces will be 
considered for every n, so that we, in fact, consider families of sets (indexed by 
their dimensions) and not single sets. 

The unit ball B n ; 

B n = {x = (x 1 ,...,x n )GR n : M 2 <1}, (2.1) 

l<fc<n 

Vol n (^) = f7 |^ Ty . (2.2) 

The squeezed spherical cylinder B n x 0, B n x C W l+1 . 
The unit sphere, 

S n = {x=(x 1 , ... ,x n ,x n+1 )eR n+1 : M 2 = 1 l> 

l<fc<n+l 

in other words, the boundary surface of the unit ball: S n — dB n+1 , 

Vol n (5") = (n + 1) Vol„ +1 (S" +1 ) . (2.3) 
The boundary surface of the squeezed spherical cylinder d(B n x 0) : 

Yo\ n {d{B n x 0)) = 2 Vol„(B") . (2.4) 



Very flat ellipsoids can be taken as such V. See Theorem 12. 121 
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The unit cube Q n : 

Q n = {x = (xx, ... , x n ) G K n : max |a: fc | < 1 }, (2.5) 

l<fe<n 

Vol n (Q n )=2". (2.6) 

The squeezed cubic cylinder Q n x 0, Q n x C M n+1 . 
The boundary surface dQ n+1 of the unit cube: 

Vol„(9Q" +1 ) = (n+ 1) Vol„ +1 (Q" +1 ). (2.7) 

The boundary surface of the squeezed cubic cylinder d(Q n x 0): 

Vol n (d(Q n x 0)) - 2 Vol„(Q") . (2.8) 

Locating roots of the Steiner and Weyl polynomials 
related to 'regular' convex sets. 

Let us state the main results about locating roots of the Steiner polynomials and 
the Weyl polynomials related to the above mentioned 'regular' convex sets and 
their surfaces. 

Theorem 2.8. For every n = 1, 2, 3, . . . : 

1 . The Steiner polynomial Sg n associated with the ball B n is dissipative, more- 
over all its roots are neaativeV^. 

2. The Steiner polynomial >5^„ x0 associated with the squeezed spherical cylinder 

B n x is of the forr$3 S%^ Q (t) = t-D B l^ {t), where the polynomial D^ Q 

is dissipative. If n is large enough, then the polynomial S^ n + x0 has non-real 
roots. 

3. The Steiner polynomial Sq„ associated with the cube Q n is dissipative, more- 
over all its roots are negative. 

4. The Steiner polynomial Sq„ x0 associated with the squeezed cubical cylinder 
Q n xOisof the fornUH S^ (t) = t-D%?* (t), where the polynomial D^T* 
is dissipative and all roots of the polynomial Dq„ + xQ are negative. 

Theorem 2.9. For every n = 1, 2, 3, . . . : 

1. The Weyl polynomials W^ }n+1 {t) of infinite index, as well as the Weyl poly- 
nomials Wg Bn+ i(t) of arbitrary finite index p, p = 1, 2, . . . , associated with 
the boundary surface of the ball B n+1 are conservative. 

2. The Weyl polynomials Wg, Bnx0 \ of orderly p = 1, p = 2 and p = 4 associ- 
ated with the boundary surface of the squeezed spherical cylinder B n x are 
conservative. 

3. The Weyl polynomials W d °Q„ +1 (t) of infinite index, as well as the Weyl poly- 
nomials W S Q n+1 (t) of arbitrary finite index p, p = 1, 2, . . . , associated with 
the boundary surface of the cube Q n+1 are conservative. 



13 This part of the Theorem is trivial: S|„ (t) = (1 + t) n 

14 The factors t appears because the set B n x is not solid in 

15 t 



' The case p = 3 remains open. 
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4. The Weyl polynomials W^Q„ x0 ^(t) of infinite index, as well as the Weyl poly- 
nomials Wg/Q„ x0 ^(t) of arbitrary finite index p, p = 1, 2, . . . , associated with 
the boundary surface of the squeezed cubic cylinder Q n x are conservative. 

Remark 2.10. The roots of the Weyl polynomial Wg Bn+1 can be found explicitly. 
Indeed 

W^ Bn+i (it) = Vol„ +1 ( J B»+ 1 )^((l + itY +1 - (1 - it)** 1 ) . 
Changing variable 

t-np: l+it=\l + it\e iv ,t= tgtp, ~<<p<l, 
we reduce the equation Wg B „ + i(it) = to the equation 

Sin (n + l)tp 7T 7T 

sin^ = ' ~2 < ^ < 2' 
The roots of the latter equation are: 



kit 



< k < 



k^Q. 



71 + 1' 

So, the roots ifc of the equation Wg B „ +1 {it) — are 

In particular, the polynomial Wg n is conservative. 
Negative results: 

Theorem 2.11. Let p 6 Z wi£/i p > b. If n is large enough: n > N(p), then the 
Weyl polynomial Wg/ B » x0 ) is not conservative: some of its roots do not belong to 
the imaginary axis. 

For an integer q : q > 1, let i?„ g e be the n + q- dimensional ellipsoid: 
E n ,,, £ = {(ii,i2,...,i„,...,i„+,)et" + «: ^ (xj/dj) 2 < 1}, (2.9a) 

0<j<n+g 

where 

aj = 1 for 1 < j < n, a,j = e for n + 1 < j < n + q . (2.9b) 
Theorem 2.12. 

1. Let q G Z with 5 < q < oo. // n is large enough:n > N(q), and e is small 
enough: < e < e(n, q) , £/ien £/ie Steiner polynomial J e is not dissipa- 
tive: some of its roots are situated in the open right-half plane. 

2. Let p,q G Z sttc/i £/ia£ q is odd, p > 1, q > 1, f> + g > 6. J/ n is Zarge 
enough: n > iV(p, g) and e is small enough: < e < e(n, p, q), i/ien £/ie We?// 
polynomial W^ n e is not conservative: some of its roots do not belong to 
the imaginary axis. 

Proof of Theorem 12.121 is presented in Section [TT] 
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Remark 2.13. In the recent paper HeHeJ other examples of solid convex sets were 
constructed, having Steiner polynomials with roots in the right half plane. 



3. The explicit expressions for the Steiner and Weyl polynomials 
associated with the 'regular' convex sets. 

Hereafter, we use the following identity for the L- function: 

r(c + 1/2) r(c + 1) = 7r 1/2 2- 2C r(2C + 1) , vc e c : 2C + -1, -2, -3, . . . . (3.1) 

Let as present explicit expressions for the Steiner polynomials associated with the 
'regular' convex sets: balls, cubes, squeezed cylinders, as well as the expression for 
the Weyl polynomials associated with the boundary surfaces of these sets. The 
items related to balls are marked by the symbol ©, the items related to cubes are 
marked by the symbol □ . 
©The unit ball B n . 

Since B n + tB n = (1 + t)B n for t > 0, then, according to ![L~g]) . 

Sll(t)=Vol n (B n )-(l+t) n , (3.2) 

or 

0<fe<n V ' 

Thus, the coefficients of the Steiner polynomial SgZ for the ball B n are: 

sf (B n ) = Vol„(S") • ■ - , < k < n . (3.4) 

©The squeezed spherical cylinder B n x 0. 

The Steiner polynomial for the squeezed spherical cylinder B n x is: 

. vow*-) ■.£ (n : ! t) ,' r r ( S l ; 1 ; ) 5' i ■ ^ 

The expression ([331) is derived from (J33J and (fL3T) - (fi~32"l) . (See Lemma H~T5l ) 

Thus, the coefficients of the Steiner polynomial S^ nx0 for the squeezed spherical 
cylinder B n x are: 

+1 (B n x 0) = 0, (• B ™ x 0) = 

n \ 7 r 1 / 2 rf^ + 1) i 
= v »'»< B ")-(^-TIElWs' °- k< -"- m 

The unit sphere S n = dB n+1 . 

According to (|1.38p and (|3.4p , the Weyl coefficients of the n- dimensional sphere 

S n = Q B n+l are . 

W2l{d B^)=Vol n (dB^)- J -^^l [ , 0< !<[§]. (3.7) 
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Thus, the Weyl polynomials associated with the n- dimensional sphere are: 
W d p Bn+1 (t)=Vo\ n (dB n+1 )- 

f n! 2-T(S + l) 1 

= Vol «(^" +1 ) • £ ^ ' n ' (£)' • (3 - 9) 

©The boundary surface 9(-B™ x 0) of the squeezed spherical cylinder B n x 0. 

According to (| 1 .39[) and (|3.4p , the Weyl coefficients of the n- dimensional improper 
surface d(B n x 0) are: 

W2l (d(B n x 0)) = Vo\ n (d(B n x 0)) ■ . r( ^^ / 1 2 / ) 2) i 0<Z<[f]. (3.10) 

Thus, the Weyl polynomials associated with the (improper) surface d(B n x 0) are: 
W e p {Bnx0) (t)=Vo\ n (d(B n x0))- 

y "! 2-T(| + l) r(l/2) /fy 
' ^ (n-2Z)! ' r(§ + z + i) ' r(/ + l/2) ' V 9 I ' p 



1=0 



W 9 ^ x0) (t) = Vol„(^« +1 x 0)) • g ^ • .(£)'. (3 . 12 ) 

□ The unit cube Q n . 

The Steiner polynomial Sq„ is: 

^>=vow) o e (n ; ! t , !f(f ; 1 , 1! (f)''' (3.i3) 

Expression (|3 . 13[) is obtained in the following way. The n- dimensional cube Q n is 
considered as the Cartesian product of the one-dimensional cubes: 

Q n = Q 1 x • • ■ x Q 1 . 

For n = 1, the Steiner polynomial is: 5qi (t) = 2(1 + t) . We here use the fact that 
the Steiner polynomial of a Cartesian product can be expressed in terms of the 
Steiner polynomials belonging to the Cartesian factors. (See details in Section [T2l) 
We find, the coefficients of the Steiner polynomial for the cube Q n to be given 
by: 
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□ The squeezed cubic cylinder Q n x 0. 



+1 



The Steiner polynomial Sgn x o is: 

sr>) = voWH£ ( „- t ) !r( 4 ( + 1 )/c! (ffi V - (3 - 15) 

0<k<n ' \ 2 ' 

The expression (j3TH))) is derived from (fg7T5|) and (TOTjl - tfO!?!) . (See Lemma [TTT51 ) 
Thus, the coefficients of the Steiner polynomial Sq^o f° r ^ ne squeezed cubic 
cylinder are: 

»;"*'(«" x0) = 0, sf* 1 '(Q"xO) = 
□ The boundary surface dQ n+1 of the unit cube 

According to (| 1 . 38[) and (|3.14[) , the Weyl coefficients of the n- dimensional surface 
dQ n+1 are: 

w 2l (dQ n+1 )=Vo\ n (dQ n+1 ) 



{n-2l)\ 



1 1 /A/7r\ 2i+1 

f *P\ , 0<Z<[f]. (3.17) 



r(/ + | + i)2'i! 

Taking into account the identity T(l + 1 + |) • r(Z + 1) = ■n 1 / 2 2- {2l+ ^T{2l + 2), 
which is obtained by setting ( = 1 + 1/2 in (|3.ip , we can rewrite the equality (|3.17D : 

- 2 K^ +1 )=Vo W +1 )-^-^(f)' 0</<[|]. (3.18) 
Thus, the Weyl polynomials associated with the n- dimensional surface dQ n+1 are: 
W" 1 (t)=Yo\ n {dQ n+1 )- 



dQ 

f " ! 2-T(§ + l) 1 /TT^V 

Z^( n _ 2 /)! r(E + Z + l) (2/ + 1)! V 2 J ' P ■■■■ ^- iy J 

w^t) = voi„ (9 g-) • | ^ . ^ . • (3.20) 

□ The boundary surface 9(Q n x 0) of the squeezed cubic cylinder Q n x 0. 

According to (|1.39[) and (|3.14p . the Weyl coefficients of the surface (improper) 
d(Q n x 0) are: 

W2i (dQ n x 0) = Vol„ (dQ n x 0) 



(n- 20! 

t/tT 1 /7T\ ' 



r(Z + ±)Z!2' 



(~), <*<[§]. (3.21) 
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Using the identity r(Z + l/2)T(l + 1) = ^/tt2- 21 T{21 + 1), which is obtained by 
setting ( = I in (|3.1|) . the equality (|3.21|) can be rewritten as follows: 

77 ' 1 / 7T \ ^ 

W2l {dQ n x 0) = Yo\ n (dQ n x 0) ■ - - — ■ — (-) , 0<Z<[f]. (3.22) 

Thus, the Weyl polynomials associated with the improper n- dimensional surface 
d(Q n x 0) are: 

W 9 p {Qnx0) (t)=Vo\ n (d(Q n xO))- 

ffi 77! 2-'r(f + i) i /7ri 2 y 

' ^ (77 - 20! ' m + I + 1) ' (20! ' I 2 J ' P ~ ' ' ' ■ ■ ■ (3 3) 



=0 



WSfr x0) ® = Vol„( W x 0)) • £ • I- (^)* • (3.24) 



;o (t7-20! (20! 



4. Weyl and Steiner polynomials of 'regular' convex sets as 
renormalized Jensen polynomials. 

It would be difficult to directly investigate the location of the roots for the Steiner 
polynomials Sf n , Sf n + ^ , Sf£, S$£ and Weyl polynomials T^ 9 P B „ +1 , ^ a P (B „ x0) , 
^ / 9Q"+ 1 ' ^d(Q n xo) ^ 0r a fi n it e n - It turns out to be much easier first to investigate 
the roots of the entire functions, which are the limits of the (renormalized) Steiner 
and Weyl polynomials as n — > oo. The properties of the roots belonging to the 
original Steiner and Weyl polynomials can then be deduced from the properties of 
these limiting entire functions. 

Jensen polynomials. From the explicit expressions (|3.3p . (|3.5[) . (|3.13[) , (|3.15p for 
the Steiner polynomials and (pTSj) . (jX9|) . pTTj) . (|3J2]) . (|3T9)l . (pT20j) . (f3T23|) . (|3~24|) 

for the Weyl polynomials we notice that each of these expressions contains the 

Tl ' 

factor — , which is 'a part' of the binomial coefficient (?). This factor can 

(77 — k)\ 1 ykJ 

be expressed as 

Definition 4.1. 

1. Given a formal power series /: 

}{t)= £ ( 4 - 2 ) 

0<Z<oo 
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we define the following sequence of polynomials 3n(f]t), n = 1, 2, 3, . .. : 

um= E -^h'*** (4 - 3) 

0<l<n y ' 

or, rewriting the factor j, 

a„(/;t) = ao+ £ l(l-I)(l-|)...(l-i^).a^. (4.4) 

l</<n 

The polynomials 3 n (/; t) are said to be the Jensen polynomials associated with 
the power series /. 

2. Given a holomorphic function f in the disc {t : \t\ < R}, where R < oo, we 
associate the sequence of the Jensen polynomials with the Taylor series (I4.2[) 
of the function / according to (|4.3p . We denote these polynomials by 3n{f\ t) 
as well and call them the Jensen polynomials associated with the function /. 

3. The factors 

in,o = l, in , fe = 1(1 -!),(!_ |) ... (1 _*=!), l<fc<n, 

jn.fc = 0, k > n, (4.5) 

are said to be the Jensen multipliers. 

Thus, the Jensen polynomials associated with an / of the form (|4.2|) 
can be written as: 

3n(f;t)= E 3n,l-ait l . (4.6) 

0<<oo 

Since j n ,fe — » 1 as fc is fixed, n — > oo , the following result is evident: 

Lemma 4.2 (The approximation property of Jensen polynomials). Given the power 
series (|4.2|) . the following statements hold: 

1. XTie sequence of the Jensen polynomials 3n(f',t) converges to the series f 
coefficients-wise ; 

2. //, moreover, the radius of convergence of the power series (|4.2p is positive, 
say equal to R, < R < oo, then the sequence of the Jensen polynomials 
3 n ( f',t) converges to the function which is the sum of this power series locally 
uniformly in the disc {t : \t\ < R} . 

The approximation property in not specific to the polynomials constructed 
from the Jensen multipliers j rh k- This property holds for any multipliers j n ,ki 
which satisfy the conditions j„,fc ~ > 1 as fc is fixed, n — > oo , and are uniformly 
bounded: sup \j n ,k\ < oo . What is much more specific, that for some /, the poly- 

k,n 

nomial 3 n (f', t) constructed from the Jensen multipliers j„,fc preserve the property 
of / to possess only real roots. 
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Theorem (Jensen). Let f be a polynomial such that all its roots are real. Then for 
each n, all roots of the Jensen polynomial 3„(/, t) are real as well. 



This result is a special case of the Schur Composition Theorem [Schulj . Ac- 
tually, Jensen, | Jenj . obtained a more general result in which formulation / can 
be, not only a polynomial with real roots, but also an entire function belonging to 
the Laguerre-Polya class. We return to this generalization later, in Sectional Now 
we focus our attention on the representation of the Stcincr and Weyl polynomials 
as Jensen polynomials of certain entire functions. 

The relation (|4|) as well as the expressions (13.31) , f|3 . 5|) , (|3.13l) , (|3 . 1 5[) for the 
Steiner polynomials suggest us how the Steiner polynomials should be renormalized 
so that the renormalized polynomials tend to a non-trivial limit as n — > oo. 

Entire functions which generate the Steiner polynomials for balls, cubes, spherical 
and cubic cylinders. Let us introduce the infinite power series: 

M B -(]t)= Yl ^ ffe ; ( 4 - 7a ) 

0</c<oo 

M m _ v r (j + i)r(| + i) i k . U7h) 

0<fe<co 1 + L ) K - 

M Q oo(t)= V — ^ f^l) k t k ; (4.7c) 

M Q ~ x0 (t)= y r(| + i) (Viy k (47d) 



The series (|4.7I) represent entire functions which grow not faster than exponen- 
tially. More precisely, the functions A4b°° and A4b°°xo grow exponentially: they 
are of order 1 and of normal type, the functions Mq^ and Mbq^xo grow subex- 
ponentially: they are of order 2/3 and of normal type. 

For each of the entire functions (|4.7[) we consider the associated sequence of 
Jensen polynomials: 



M B «(t)=3 n {M B °°;t), (4.8a) 

M B ™xo{t)=2n{M B o° x o;t) , (4.8b) 

M Q n(t)=3 n (M Q ~;t) (4.8c) 

M Qnx0 (t)=2n(MQ°o x0 ;t) , (4.8d) 



From the expressions (|3.3|) . (|3.5p . (|3.13p . (|3.15|) for the Steiner polynomials, it 
follows that they are related to the above introduced polynomials (|4.8|) as follows: 



On H. Weyl and J. Steiner Polynomials 



23 



Si„(t) = Vo\ n {B n ) M B n(nt); (4.9a) 

Sb«xo(*) = Vol n (B n ) ^tMB^oint) ; (4.9b) 

S%Z (t) = Vol„(Q") M Q n (nt) ; (4.9c) 

5q"xo(*) = Vol„(Q n )o;itMQn >< o(nt) ; (4.9d) 



The polynomials A^s^, Mb^xo, -Mq", -Mq^xo can be interpreted as renormalized 
Steiner polynomials. We take the equalities (|4.9[) as the definition of the renormal- 
ized Steiner polynomials Mb™, Mb^xo, -A4gn, AIq^xo in terms of the 'original' 
Steiner polynomials S%Z, S§»xO> S%1, and S^V^ ■ 

From the approximation property of Jensen polynomials and from 
follows that 



■M.B n (t) — ¥ M.B°° (t)) M B n X0 (t) -f M B °°xo(t), M Q n(t) -> M Q »(t), 

Mq»xoW^Mq«xoM as n->oo. (4.10) 

This explains the notation (|4.7|) . 

We summarize the above stated consideration as follows 



Theorem 4.3. Let {V n } be one of the four families of convex sets: {B n }, {B n x 0|, 
{Q n }, {Q n x 0}. For each of these four families, there exists an entire function\ le \ 
My^ such that in any dimension n, the renormalized Steiner polynomials My™, 
defined by (14.9[) . are generated by this entire function Mv°° to be the Jensen 
polynomials 3„(A4V°°)' for all n the equalities (|4.8[) hold. 



16 The symbol V°° denotes whichever of the sets {B x X 0}, {Q°°}, {Q°° X 0} the case 

demands. 
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Entire functions which generate the Weyl polynomials for the surfaces of balls, 
cubes, spherical and cubic cylinders. Let us introduce the infinite power series: 



W (t) y 2 "' r (i + 1 ) 1 



w. 



OB' 



yv d(B°°xO) 



B°=xO) 



w. 



3(Q°°xO)^ 



1=0 



2 



■o-Ei-(-i)' 



( t) = g!l r (i + 1 ) r (V2) 



r(§ + z + i) r(z + i/2) 



£(1/2) 

r(i + i/2) 



2 



r(| + / + l) (2Z + 1)! 



oo 



Trf 2 \! 



P=l,2, 



- V . P = l,2, 



7rf 2 \1 

-S- ) . P=L 2, 



fi 2-T(| + l) 1 
fxfTTTT) ' (27)! 

7rf 2 \J 



(-fr— ■ 



(<) = ^ (27)! ' V ~ 

i=o y ' 



(4.11a) 
(4.11b) 
(4.11c) 
(4.11d) 
(4.11e) 
(4.11f) 
(4.11g) 
(4. llh) 



The series (|4.11j) represent entire functions. The functions (|4.11b|l and (|4.11djl are 
of order 2 and normal type, the functions (|4.11ajl . (|4.11c|l . (|4.11fjl and (|4.11h[l are 
of order 1 and normal type, the functions (|4. 1 le|) and Q4.11g[ ) are of order 2/3 and 
normal type. 

For each of the entire functions (|4. 1 1 [) we consider the assotiated sequence of 
Jensen polynomials: 



Wg Bn+I (*)=02[„/2](Wg fl 



t), 



w| (s „ +lx0) (t)=a 2[ „/ 2] (wg ( 
v^Qn(*)=a a[ „/ 2 ](w?g-;t), 

W8(0-X0)(*)=^[n/2](WS(0- X0 );*) 



1 < p < oo ; 
1 < p < oo ; 
1 < p < oo ; 
1 < p < oo . 



(4.12a) 
(4.12b) 
(4.12c) 
(4.12d) 



From the expressions ([3T5]) . (|3~$|1 . (|3~TTj) . (|3~T2")l . (|33g|) . (|3~20|1 , (gUjl , (j3~2I)) . for 

the Weyl polynomials it follows that they are related to the above introduced 



On H. Weyl and J. Steiner Polynomials 



25 



polynomials (|4.12[) in the following way: 

W| B » +1 (<) = Vo\ n (dB n+1 ) ■ W P dBn+1 (int) ; (4.13a) 

W f(B«xO)(*) = Vol„(9(i?" x 0)) • W P 9{Bnx0) (int) ; (4.13b) 

w a Q ^ (*) = Vol„(dQ" +1 ) • W p dQn+1 (ini) ; (4.13c) 

^Vxo)(*) - Vol„(5(Q" x 0)) • V^ (onx0) (<n*) ; (4.13d) 

The equalities (14. 13|) hold for all n : 1 < n < oo, p : 1 < p < oo. 

The polynomials Wg B „ +1 , Wg (B „ x0) , Wg Qn+1 , W| (Q „ x0) can be interpreted 
as renormalized Weyl polynomials. We take the equalities (|4. 1 3[) as the definition 
of the renormalized Weyl polynomials W| B „+i, Wg (B „ x0) , WgQ„+i, VVLq„ x0 n in 
terms of the 'original' Steiner polynomials Wg Bn+1 , W^, B „ x0 j, WgQ»+u ^JifQnxo)- 

From the approximation property of Jensen polynomials and from (14. 12ft it 
follows that for every fixed p, 1 < p < oo, 

w p dBn+1 (*) - wg fl „(t), w a v x0) (t) - W 9 Vxo)W> 

^V^W-^VW.^VxoiW-WaVxojW as ( 4 - 14 ) 
This explains the notation (|4.11|) . 

We summarize the above as follows. 

Theorem 4.4. Let {M™} be one of the four families of n- dimensional convex sur- 
faces: {dB n+1 } 7 {d(B n x 0)}, {dQ n+1 }, {d(Q n x 0)}. For each of these four 
families, and for each p, 1 < p < oo, there exists an entire functional W^oo 
such that in any dimension n, the renormalized Weyl polynomials W^n, defined 
by (|4.13p . are generated by this entire function W^-^ to be the Jensen polynomials 
a 2 [n/2](W^). 



5. Entire functions of the Hurwitz and of the Laguerre-Polya class. 
Multipliers preserving location of roots. 

Hurwitz class of entire functions. 

Definition 5.1. An entire function H is said to be in the Hurwitz class, written 
H G J£, if 

1. H ^ 0, and the real part of any root of H is strictly negative, i.e. if H (Q = 0, 
then Re C < 0. 

2. The function H is of exponential type: lim ln LS^J < oo, and its defect dn 

|2;|^oo ' ' 

is non-negative: dn > 0, where 

2d H = BE ±^ BE JaMzriL. (5.1) 

r — >+oo r r — >+oo r 

17 The symbol M°° denotes whichever of the sets {dB 00 }, {(9(5°° X 0)}, {c9Q°°}, {9(Q°° X 0)} 
the case demands. 
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The following functions are examples of entire functions in class CK: 

a) . A dissipative polynomial P(t). 

b) . An exponential expjerf}, where Re a > . 

c) . The product P(t) ■ expjerf}: P(t) is a dissipative polynomial, Rea > . 

The significance of the Hurwitz class of entire functions stems from the fact that 
functions in this classF^I are locally uniform limits in C of dissipative polynomials. 

Laguerre-Polya class of entire functions. 

Definition 5.2. An entire function E is said to be in the Laguerre-Polya class, written 
E E XL-CP, if E is real and can be expressed in the form 

oo 

E(t) = cfe""^"' Y[ t 1 + ta ^) e ~ tak > ( 5 - 2 ) 
fe=i 

where c 6 R \ 0, j3 > 0, a E R, ak E R, n is non-negative integer, and Ylk=i a k < 
oo. 

A function E E XL-CP is said to be of type I, denoted E E XL-CP-I , if it is 
expressible in the form: 

oo 

E(t) = ct n e at l[(l + ta k ), (5.3) 
fe=i 

where c E R \ 0, a > 0, a k > 0, n is non-negative integer, and 53jfc=i a fc < °°- 

The significance of the Laguerre-Polya class stems from the fact that functions in this 
class, and only these, are the locally uniform limits in C of polynomials with only real 
roots. (See [EevTl Chapter 8], [Obrl Chapter II, Theorems 9.1,9.2,9.3].) 

Lemma 5.3. An entire function E. which is in the Laguerre-Polya class of type I 
also belongs to the Hurwitz class: 

XL-CP-I C CK. 

Proof. The roots of the entire function E which admit the representation (|5.3p 
are located at the points — (ak)^ 1 , thus they are strictly negative. From the prop- 

oo 

erties of the infinite product Y[ + with X)fe=i l^fcl < °°i ^ follows that 

k=l 

a function E which admits the representation (|5.3p is of exponential type a, and 
iim ln|g(±r)l = ±a. Thus, the defect d H = a > since a > 0. □ 

r — >+oo 



18 The full description of the class of entire functions which are the limits of dissipative polyno- 
mials can be found in [Levll Chapter VIII, Theorem 4]. This class (up to the change of variables 
2 — > iz) is denoted by P* there. 
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Multipliers preserving the reality of roots. 



Definition 5.4. A sequence {jk}o<k<oo of real numbers is a P-S multiplier sequeno 

if for every polynomial /: 




f(t)= £ a k t k 



0<k<n 

with only real roots, the polynomial 



h(t) = lkCL k t k 



Q<k<n 



has only real roots as well. (The degree n of the polynomial / can be arbitrary.) 

Theorem (Polya, Schur). A sequence {7fe}o<fc<oo of real numbers, 7^ ^ 0, is a 
P-S multiplier sequence if and only if the power series 



represents an entire function, and either the function ^(t) or the function 4 r (— t) 
is in the Lagierre-Polya class of type I. 

This result was obtained in [PoSchj . 

Theorem 5.5. [Jensen-Craven-Csordas-Williamson.] Let E{t) be an entire function 
belonging to the Laguerre- Polya class H~y, and {3 n (E, i)} n =i,2,3, ... be the se- 
quence of the Jensen polynomials associated with the function E. (Definition 14. 11 ) 

1. Then, for each n, all roots of the polynomial 3n{E, t) are real. 

2. If E(t) belongs to the subclass L-'P-I of the Laguerre- Polya class L-CP, then 
for each n, all roots of the polynomial 3 n (E, t) are negative. 

3. //, moreover, E(t) is not of the form E{t) = p(t) e^' , where p(t) is a polyno- 
mial, then for each n, all roots of the polynomial 3n(E, t) are simple . 

Statement 1 of the theorem was proved by JensenF°l. [Jen] . It is a special 



case of Theorem by G. Polya and I. Schur obtaining by choosing <3>(i) = H — 



Statement 3 is a refinement of Statement 1 due to G.Csordas and J.Williamson 
in [CsWij , who also offer an alternative proof of Statement 1 . In [CsWij , the main 
Theorem is formulated on p. 263. It appears as the Statement 3 of Theorem 15.51 
of the present paper. In [CsWij . this theorem was inaccurately formulated. A 
corrected version can be found in |CrCs3[ Section 4.1]. 




0<fc<oo 




19 P-S stands for Polya-Schur 

20 Though Jensen himself did not introduce explicitly the polynomials which are called 'the Jensen 
polynomials' now. 
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Theorem 5.6. Let H be an entire function belonging to the Hurwitz class !H, and 
{3n(H, t)}n=i,2,3, ... be the sequence of the Jensen polynomials associated with 
the function H. (Definition 14.11 ) Then, for each n, the polynomial 3n(H, t) is 
dissipative. 

Theorem 15.61 can be obtained as a consequence of Theorem 15.51 and the 
Hermite-Biehler Theorem. A proof of Theorem 15.61 will be presented in Section 

El 

Laguerre multipliers. 

Theorem (Laguerre). Let an entire function E(t), 

E{t) = £ l tl > ^ < oo, (5.4) 

0<1<uj 

be in the Laguerre- Poly a class: E 6 XL -CP. Furthermore, let if) be an entire function 
be in the Laguerre- Poly a class XL -CP, such that all of its roots are negative. 

1 . Then the power series 

E^= 53 £ ^(¥ (5-5) 

0<1<lo 

converges for every t and its sum is an entire function of the Laguerre-Polya 
class: E,p £ XL -CP. 

2. If moreover E(t) is of type I: E G XL-CP-I, then the the sum of power series 
(|5.5p is also an entire function of type I: E^ € XL -CP-I. 

This theorem appeared in |Lagl| section 18, p. 117], or |Lag[ p. 202]. Laguerre 
himself formulated this theorem for a polynomial with real roots. The extended 
formulation, where E is a general entire function from the class XL-CP, can be found 
in the paper [PoSchl p. 112], or in its reprint in [Pol p. 123]. In [PoSchj the extended 
formulation is attributed to Jensen, see [Jen]. 

The above mentioned results of Polya, Schur, Laguerre, and Jensen, as well as 
of many related results, can be found in |Obr[ Chapter II], [Lev 11 Chapter VIII], 
[RaScl Chapter 5, especially Sections 5.5, 5.6, 5.7], and in numerous papers of 
Th. Craven and G. Csordas (See for example [CrCslj ). See also |PoSz[ Part five]. 
The book by L. de Branges [deBr] is also closely related to this group of problems. 

6. Properties of entire functions generating Steiner and Weyl 
polynomials of 'regular' convex sets and their surfaces. 

Entire functions generating the Steiner polynomials. 

Theorem 6.1. The entire functions (|4.7j) generating the renormalised Steiner 
polynomials of balls, cubes, squeezed spherical and cubic cylinders, possesses the 
following properties: 

1 . The function M. b°° is of type I of the Laguerre-Polya class. 
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2. The function Mb^xo belongs to the Hurwitz class. It has infinitely roots, 
and all but finitely many of its roots are non-real; 

3. The function Mq^ is of type I of the Laguerre-Polya class; 

4. The function A4q^, x o * s of type I of the Laguerre-Polya class . 

Lemma 6.2. The function — - — ^ , where T is the Euler Gamma function, is in 
the Laguerre-Polya class and all its roots are negative. 



Indeed, 



gCt n fi+l" 



T(t+1) 11 V k 

y ' l<fc<oo v 



(C is the Euler constant, C w 0.5772156 . 



Proof of Theorem \6.1\ Statement 1 is evident: Ads^it) = e . 

To obtain Statement 3, we remark that the function Mq^ is of the form E^, 

(15. 5|) . where E(t) — exp{-^i}, and ip(t) — -. Then we apply the Laguerre 



2 J ' rw r(| + i)' 

theorem on multipliers to these E and if). The needed property of tp is formulated 

as Lemma [ 

nt 4 can be obtained in the sai 

- r(-) 

VZLA - llL 

r(*±i + i) 



Statement 4 can be obtained in the same way as the statement 3. One need 
only take E(t) — exp{-^i}, and ip(t) - . , , ( 

Proof of Statement 2 is more complicated. From (|4.7b[) it follows that 



l 

1 k 



M/>-xo(i)= E B (l + 1 'l)^ fe = E /e*(i-er^e^ 

0<fe<OO "' 0<fe<OOg 



Changing the order of summation and integration and summing the exponential 
series, we obtain the integral representation: 



M 



(t)=2[(l-erhe it dZ. (6.1) 



The fact that the function A4b=°xo belongs to the Hurwitz class will be derived 
from the integral representation (|6.ip . This will be done in Section [T31 □ 

Entire functions generating the Weyl polynomials. 

Lemma 6.3. Let 

E(t)= E ^ ( 6 - 2 ) 

0<1<od 

be an even entire function of the class L-7', and let p > be a number. Then the 
function E p (t) defined by the power series 

KZ<oo \ 2 / 
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belongs to the class £j-7 as well. 



Proof. Lemma l6.3l is the consequence of the Laguerre theorem on multipliers. The 
function 

is in the Laguerre-Polya class (see Lemma |6T2|) . and its roots are negative. □ 

We point out, see (|4.11[) . that the entire functions Wg Bao , W^ Boox0 ^, WJqoo, 
WJ^qooxO)' which generate the Weyl polynomials with finite index p for the ap- 
propriate families of convex surfaces, can be obtained from the entire functions 
W^co, W^ B<Xx0) , W^oo, W^q-xo)' which generate the Weyl polynomials with 
infinite index, by means of a transformation of the form 

0<fc<oo 0<fe<oo 

Theorem 6.4. 

1. The functions W^oo, WJqoo, ^d(Q°°xO) belong to the Laguerre-Polya class 

2. The function WJ/gooxo) does not belong to the Laguerre-Polya class £-CP: this 
function has infinitely many non-real roots. 

Proof. Statement 1 is evident in view of the explicit expressions: 

W^oo(i) = exp{-; 2 /2}, (6.5) 

(t) = ^'f f t} , (6.6) 

(7T/2) 2 t 

W a V x0) =cos{(7r/2)^}. (6.7) 

The function W^ Boo x0 y which appears in Statement 2, can not be expressed in 
terms of 'elementary' functions, but it can be expressed in terms of the Mittag- 

Lcfficr function £, 1: 

L ' 2 

Wa? B ~xo)W = V^i,i (6.8) 

where 

W')- S («■«> 

The integral representation 

1 

v^z h i(t) = i+t yci-o-^de. (6.10) 
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can be derived from (|6.9[) . The integral representation (|6 . 1 0[) can be derived from 
the Taylor series (|6.9p in the same way as the integral representation (|6.ip was de- 
rived from the Taylor series (|4.7b[) . From (|6.10p the following asymptotic relations 
can be obtained: 

r i (1 + 0(1)), *-> -oo, 

V^r£i,$(*) = < V5rte* (l + o(l)), t-» +oo. (6.11) 

[ 0(|*|), i-> ±ioo. 

From (|6.1ip it follows that the indicator diagram of the entire function £ x i (t) of 
the exponential type is the interval [0, 1] . Moreover, the function t 1 i(it) belongs 
to the class C, as this class was defined in |Lev21 Lecture 17]. It follows from 
the Cartwright-Levinson Theorem, which appears as Theorem 1 of the Lecture 17 
in |Lev2j ). that the function E x i(t) has infinitely many roots. These roots have 
a positive density, and are located 'near' the rays argi = -| and argt = — |. 
From this and from (|6.8p it follows that the roots of the function W^? BO o x0 )(i) are 
located near four rays argi = f , argi = ^f, argi = argt = ^ . In particular, 
infinitely many of the roots of the function VV^goo x0 ) W are non-real. □ 

Remark 6.5. Much more precise results about the Mittag-LefHer function £- a ,p and 
the distribution of its roots are available. See, for example, [EM0T1 section 18.1], 
or 



Theorem 6.6. 

1. For every p = 1, 2, . . ., the functions Wg Boo , Wqq^, VV^^^ belong to 
the Laguerre-Polya class £-CP. 

2. If p is large enough, then the function Wg, gaOx0 \ does not belong to the 
Laguerre-Polya class L-J > : it has non-real roots. 

Proof. Statement 1 of this theorem is a consequence of the statement 1 of Theorem 
16.41 and Lemma 15731 The statement 2 of this theorem is a consequence of statement 
2 from Theorem 16.41 and the approximation property (|1.43p . □ 

Remark 6.7. The fact that the function Wg Boa belongs to the Laguerre-Polya class 
L-T, i.e., the fact that all its roots are real, can be established without reference 
to Lemma 16.31 The function Wg BOO can be expressed in terms of Bessel functions 
J„. Recall that for arbitrary v, 

J »® = [t) L nr (y+ i + i) - (6 - 12) 

V 7 0<2<oo V ; 

Comparing (|6 . 1 2[) with (|4.11a|) . we see that 

p 

^VW-rf^ + i) 2 JpJt). (6.13) 



2 J \ 2 
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In particular, 
for@P= 1, 

W^W^, (6.14) 



t 

for p = 2, 



W&-(t)=2^. (6.15) 

It is known that for every ^ > — 1, all roots of the Bessel function J v (t) are real 
(This result is due to A.Hurwitz. See, for example, [Wat| Chapter XV, Section 
15.27].) 



The statement 2 of Theorem 16.61 can be further refined. 
Theorem 6.8. 

1. For p = 1, 2, A, the function Wj^ Boox0 ^ belongs to the Laguerre-Polya class 

a-y ; 

2. For p : 5 < p < oo, the function VVg, BOOx0 N does not belong to the Laguerre- 
Polya class XL-CP : it has infinitely many non-real roots. 

Proof. For every p > 1, the function Wg, BOOX( y. admits the integral representation 



1 

0) (*)=P /(l-^^-^coB^dC. (6.16) 



This integral representation can be obtained from (|4.11c| in the same way that 
the integral representation (|6.1|) was obtained from (|4.7b|) . Using the identity 

T(l + 1/2) T(l + 1) = T(l/2) 2~ 21 T(2l + 1), 

in equation (|4.11c[) . we obtain: 

rt t 2 ^ 

WaVxo)(*) = f E B(l + l >P /2)(-l)'_. 

0<2<oo 

We use then the integral representation for the beta-function, change the order 
of summation and integration and sum the series using the Taylor expansion for 
cosz. For every p : 1 < p < oo, the function Wj' ( - BOOx0 - ) can be calculated asymp- 
totically. This calculation can be done using the integral representation (|6.16|) . 
The asymptotic expression for the function VVj^ B oo x0 ) is presented in Section [T3l 
see (I13.27[) . (|13.28[) . From this expression it follows that: 

1. For p > 4, infinitely many (more specifically, all but finitely many) roots of the 
WgfB 00 xo) are non_ real. This is sufficient for the negative result of the statement 
2 of Theorem 16.81 to be obtained. 



21 Deriving l|6.14j l from (1 6 - 1 3 P > . wc used the formula Ji{t) = (^) 2 sint. (Concerning this 
formula, see, for example, IWh Wal section 17.24].) However, 116.141 1 may be obtained directly 
from 114. Hat . 
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2. For p < 4, all but finitely many roots of the function VVj' ( . BOOx0 - ) are real and 
simple. This alone is not sufficient to show Statement 1. For p = 2 and p = 4, the 
function VVg/ Boox0 N can be calculated explicitly. The case p = 3 remains open. A 
proof of the fact that for p = 1, 2, 4 all roots of the function VVg( Soox0 N are real 
will be presented in Section [131 See Lemma [13. 71 □ 



Proof of Theorem \2.9[ According to Theorems 16.41 16.61 and 16.81 (we here refer to 
the first statement of each of these theorems), each of the functions Wg Bm3 , W^g^ , 

^9(Q°°xo) wu;n P : 1 — P — °°' an d ^d(B°°xo) wu; h P = 1> 2, 4, belongs to the 
Laguerre-Polya class £-CP. By Theorem 15.51 the Jensen polynomials associated 
with each of these entire functions, have only simple real roots. According to 
Theorem 14.41 the renormalized Weyl polynomials Wg B „ +1 , Wqq„ +1 , WLq„ xQ \ 
with p : 1 < p < oo, and WL B „ x0 ) with p = 1, 2, 4 have only simple real 
roots. Because of the renormalizing relations (|4.13[) . the Weyl polynomials Wg Bn+1 , 
^9Q"+i' ^ / a(Q"xo) are conserva tive. □ 



Proof of Theorem \2.11\ According to Theorem 16.81 Statement 2, for p : 5 < p < 
oo, each of the entire functions VVg( BO o x0 ) has infinitely many non-real roots. Since 
for fixed p, 3„(W a P (BOOx0) ;t) -> Wa (S oo x0) (i) locally uniformly in C as n — > oo, 
the Hurwitz Theorem yields that every polynomial 3n(W^ Boox0 ^) with p, n : p > 
5, n > iV(p) has non-real roots. By Theorem 031 3„(Wj' (Soox0) ) = W^ (B „ x0) . 
Thus, the polynomial WL B „ x0 s has non-real roots. Because of (|4.12[) . the poly- 
nomial Wg, BnxQ s has roots which do not belong to the imaginary axis. □ 



Proof of Lemma \2.4\ This lemma is a consequence of lemma 16731 If the polynomial 
Wjfi(t) is conservative, then the polynomial E(t) = W^(it) is a real polynomial 
with only real simple roots. The function E p {t) — W£(it) is related to E{t) = 
Wj£(it) as well as the function E p (t) from ([O)) is related to E(t) from ([6~2")l . By 
Lemma |6~31 all roots of E p are real. Let us show that the roots are simple. Consider 
the function E(t) + e, were e is a small real number, positive or negative. Since 
all roots of the polynomial E(t) are real and simple, all roots of the polynomial 
E(t) + e are real if |e| is small enough. By Lemma [631 all roots of the polynomial 
E p (t)+e are real. However if the polynomial E p {t) has a multiple root, by applying 
the perturbation E p (t) — » E p (t) + e with an appropriate choice of sign for e, this 
root splits into simple roots and some of these roots will be non-real. □ 



Remark 6.9. We apply Lemma [2741 in the special cases n — 2, 3, 4, 5 only. In these 
cases the Lemma is quite elementary. Only the cases n = 4 and n — 5 deserve 
some attention. The cases n = 2 and n = 3 are trivial. The cases n = 4 and n = 5 
are reduced to the following elementary statement: 
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Let wo, W2, W4 be positive numbers. Assume that the roots of the poly- 
nomial Q(t) = wq + w^t + w^t 2 are negative and different. Then for every 
p > 0, the roots of the polynomial 

Q p (t) = w + , W2 n , t + - -t 2 

(p + 2) (p + 2){p + 4) 

are also negative and different. 

Indeed, the conditions posed on polynomials Q and Q p are equivalent to the 

inequalities 

2 - ( w 2 \ 2 w 2 
Wn > W0W4 and > w - — — . 

2 \P + 2J °(p + 2)(p + 4) 

It is evident that the first of these inequalities implies the second. 



7. The Hermite-Biehler Theorem and its application. 

In its traditional form, Hermite-Biehler Theorem gives conditions under which all 
roots of a polynomial belong to the upper half plane {z : Imz > 0}. We need the 
version of this theorem adopted to the left half plane, and for the case of polyno- 
mials with non-negative coefficients only. Before we present out reformulation of 
the Hermite-Biehler Theorem, we give several definitions: 

Definition 7.1. Let Si and S2 be two sets which are situated on the same straight 
lincF^I L of the complex plane: Si C L, S2 C L , such that each of the sets Si, S2 
consists only of isolated points. The sets Si and S2 interlace if between every two 
points of Si there is a point of S2, and between every two points of S2 there is a 
point of Si. 

Definition 7.2. Let P be a power series: 

P(iH5>i fc , (7.1) 

0<k 

where t is a complex variable and the coefficients pk are complex numbers. 
The real part K P and the imaginary part 3 P of P are defined as 



, pw+m , m _mzm, (7.2, 

l At 

where the overline bar is used as a notation for complex conjugation. 
The even part E P and the odd part °P of P are defined as 

ep (t ) = °P (i ) = P W -/'-') , (7.3, 

In term of coefficients, 



R P(t)=5> fc i fc , 3 P(t)=Y,ht k , (7.4a) 



0<k 0<k 



J In our considerations the straight line L will be either the real axis or the imaginary axis. 
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where 

Pk+Pk , Pk-Pk .,x 

a k = — ^ — ' bk = — 2I — ' *■ ' 

and 

£ P(t) = 5>^, °P(t)=Y / P2 l+ it 2l+1 . (7.5) 

o<z o<; 

Theorem (Hermite-Biehler). Let P be a polynomial, A = % P and B — 3 P be the 

real and imaginary parts of P, i. e. 

P(t) = A(t)+iB(t), 

where A and B be a polynomials with real coefficients. In order for all roots of P 
to be contained within the open upper half plane {z : Imz > 0}, it is necessary 
and sufficient that the following three conditions be satisfied: 

1. The roots of each of the polynomials A and B are all real and simple. 

2. The sets Za and Zb of the roots of the polynomials A and B interlace. 

3. The inequality 

B'{0)A(0) - A'(0)B(0) > (7.6) 

holds. 

Let us formulate a version of Hermite-Biehler Theorem for the left half plane. 
Lemma 7.3. Let M be a polynomial with positive coefficients, 
M(t)= ^2 s kt k , s k >0,0<k<n, 

0<k<n 

ana let E M and °M be the even and the odd parts of M . In order for the polynomial 
M to be dissipative it is necessary and sufficient that the following two conditions 
be satisfied: 

1. The polynomials M and °M are conservative. 

2. The sets of roots for the polynomials £ M and °M interlace. 

Lemma 7.4. Let W , 

W(t) = w + w 2 t 2 + Wi t 4 ■■■ + w 2m _ 2 t 2m - 2 + w 2m t 2m (7.7) 

be an even polynomial with positive coefficients w 2 i : 

w > 0, w 2 > 0, . . . , w 2m > . 

In order for the polynomial W to be conservative it is necessary and sufficient that 
the polynomial M = W + W be dissipative, where W is the derivative ofW: 

W'{t) = 2-w 2 t+4- w 4 t 3 ■ ■ ■ + (2m - 2) • w 2m _ 2 t 2m - 3 + 2m • w 2m t 2m ~ x . (7.8) 
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Proof of Lemma \7.3\ Let 

P(t) = M(it), A(t) = ( & M)(it), B(t) = i~ l ■ (°M)[it), (7.9) 

so that 

P(t) = A(t) + iB(t) . 
A and B are polynomials with real coefficients: 

A(t)= Yl (-l)W 2 ', B(t)=t £ (-l) l s2i+it 21 . 
0<i<[a] o<i<[^] 

Moreover, 

B'(Q)A(Q)-A'(0)B(0) = s o si. (7.10) 
From (|7.9p it is evident that 

(All roots of A are real and simple) (The polynomial M is conservative) 
(All roots of B are real and simple) (The polynomial M is conservative) 
(All roots of P lie in {z: Imz > 0}) -v=> (The polynomial M is dissipative) 

and under the condition that all roots of A and B are real, 

(The roots of A and B interlace) <=> (The roots of £ M and °M interlace) 

Thus, Lemma \7. 31 is an immediate consequence of the Hermite-Biehler Theorem. 
The inequality (|T.6[) is ensured automatically by (|T. 10|) . since the coefficients Sk 
are assumed to be positive. 

□ 



Proof of Lemma \7-4\ It is clear that the polynomials W and W are, respectively, 
the even and the odd parts of M — W + W: 

W = £ M, W = °M. 

Let M be dissipative. Then, according to Lemma 17. 3i W is conservative. Con- 
versely, let W be conservative. According to Rolle's Theorem, the polynomial W 
is also conservative, and the sets of roots belonging to W and W interlace. By 
Lemma l7.3[ the polynomial M is dissipative. □ 

Proof of Theorem \2.S[ The relation (|1.34j) means that the polynomial tWg V (t) is 
the odd part of the Steiner polynomial Sy- Thus, we are in the situation of Lemma 
17.31 Since the polynomial Sy is dissipative, the point z — is not a root of M, 
that is, s (TO ^ 0. According to ([P3"|) . this means that Vol„(T0 ^ 0. Thus, the 
set V is solid. By Proposition 18. 1[ all coefficients s/ c (T / ) of the polynomial Sy are 
strictly positive. According to Lemma 17.31 the polynomial °(SV) lS conservative. 
Since °(<SV)(0) = 0, the polynomial t~ x ■ °(Sv)(t) — Wg V (t) is conservative as 
well. □ 
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Proof of Theorem \5.b\ In the course of the proof we shall refer to some facts from 
the theory of entire functions which are usually formulated in literature for func- 
tions whose roots are in the upper rather than in the left half plane. Therefore, 
it is convenient to pass from the variable t to the variable it. Given a function 
H{t) of the Hurwitz class IK, let fit) = H(it). Then / is an entire function of 
exponential type. All roots of / are in the upper half plane and the defect df of / 
is non-negative, where 

2df = lim /(— ir) — lim /(— ir) . 

r — >+oo r — >+oo 

(It is clear that df = dji, where dn is the same as in (I5.1|l .) Thus the function / 
is in the class P as this class was defined in |Levl[ Chapter VII, Section 4]. Let 

fit) = A(t)+iB(t), 

where A and B are real entire functions. Combining Lemma 1 from |Levl[ Chapter 
VII, Section 4] with Theorem 4 from [Levli Chapter VII, Section 2], we see that 
the functions A and B possess the following properties: 

1. A and B are real entire functions of exponential type; 

2. A(0)B'(0) - B(0)A'(0) > 0; 

3. For every 9 £ M., all roots of the linear combination Cg, where Cg(t) = 
cos 9 A{t) + sin9B(t), are simple and real. (The entire functions A and B 
form a real pair in the terminology of N.G.Chebotarev, [Chebj .) 

According to Hadamard's Factorization Theorem, the entire function Cg is in 
the Laguerre-Polya class. According to the Jensen- Csordas- Williamson Theorem 
(Theorem 15.51) . for each n, all roots of the Jensen polynomial Cg^it) = #„(Cg;i) 
are real and simple. Thus, the real polynomials A n (t) — 3 n (A;t) and B n (t) = 
3 n (B;t) possess the following property: For every G R, all roots of the linear 
combination cos 9 A n (t) + sin #£?„(£), are real and simple. (The polynomials A n 
and B n are a real pair as well.) From the real pair property of the polynomials 
A n and B n and the property A n (0)5^(0) - B n {0)A' n iO) it follows that all roots of 
the polynomial f n {t) = A n (t) +iS„(t) are in the upper half plane. Thus, all roots 
of the polynomial H n (t) = f n (—it) are in the left half plane. In other words, the 
polynomial H n is a Hurwitz polynomial. On the other hand, from the construction 
it follows that H n (t) = 3 n {H; t) . □ 

8. Properties of Steiner polynomials. 

RIGID MOTION INVARIANCE: Let V, V C M™, be a compact convex set, r be a mo- 
tioiffi of the space W 1 , and r(V) be the image of the set V under he motion r. 
Then S T{V )(t) = S v (t). 

CONTINUITY: The correspondence V — > Sy between compact convex sets V in R" 



3 The rigid motion of the space R n is an affine transformation of R n which preserves the Eu- 
clidean distance in R n . 
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and their Steiner polynomials Sy is continuous 

A sketch of the proof of the continuity property can be found in [BoFe] section 
29], [BuZal section 19.2], [Sdml section 5.1], [Web] . 

MONOTONICITY: Let V\ and V 2 be compact convex sets in W 1 , and Svn Sv 2 be the 
associated Steiner polynomials. IfV\ C V 2 , then the coefficients s k (V\), s k (V2) of 
the polynomials Sv t , Sv 2J defined as in (|1.2ip . satisfy the inequalities 

s k (Vi) < s k {V 2 ), 0<k<n. (8.1) 

Explanation. According to the definition of the mixed volumes, 

s k (V) = {n _ kyk[ Vol( y,V,...,V; , B n ,B n ,... ,B n ). (8.2) 

n— k k 

Inequalities (|8 . 1 1) follow from the monotonicity of the mixed volumes (|8 . 2[) with 
respect to V. (Concerning the monotonicity of the mixed volumes see, for example, 
}BoFe| section 29], |BuZa| section 19.2], |Web| Theorem 6.4.11], (Schn| section 5.1, 
formula (5.1.23)].) 

Lemma 8.1. a). For any compact convex set V, V C K n , the coefficients Sk(V) 
of its Steiner polynomial, defined as in (|1.21|) . are non-negative: 

< s k (V), 0<k<n. (8.3a) 

(According to (|1.23p . the coefficient s n (V) is strictly positive.) 
b). //, moreover, the setV is solid, then all coefficients Sk(V) are strictly positive: 

< s k (V), 0<k<n. (8.3b) 

The Weyl coefficients w 2 i(dV), < I < [^j, defined by Definition rODI 
are strictly positive as well. 

Proof. Taking V as V2 and any one-point subset of V as V\ in (|8.ip . we obtain 
(|8.3ap . If the set V is solid, then there exist a ball xq + pB n of some positive radius 
p: xo + pB n C V. Taking the ball xo + pB n as V\ and V as V2 in (|8.ip . we obtain 
the inequalities Sk(xo + pB n ) < s k (V), < k < n. Moreover, Sk(xo + pB n ) — 
s k ( P B n ) = p n - k s k (B n ) = p ^ m ^ Yo\ n (B n ) > 0. □ 



Remark 8.2. The notion of an interior point for a set V depend on the space in 
which V is embedded. The set V, V C M™, which is non-solid with respect to 
the 'original' space K n , is solid if V is considered as embedded in the space M. d 
of appropriate dimension d, d < n. The dimension dim V of the set V should be 
chosen as d. 

Definition 8.3. Let V, V C R n , be a convex set. The dimension dim]/ of V is the 
dimension of the smallest affine subspace of R n which contains V. 

24 The set of compact convex sets in R" is equipped with the Hausdorff metric, the set of all 
polynomials is equipped with the topology of the locally uniform convergence in C. 
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Lemma 8.4. Let V, V C W l , be a compact convex set of dimension d: 

&mV = d, 0<d<n. (8.4) 

Then 

sf(V)=0 for 0<k<n-d; sf (V) > for n - d < k < n . (8.5) 
This lemma is a consequence of Lemma 18.11 and of the following 



Lemma 8.5. Let V, V C K n , be a convex set of dimension d, d < n, and let 
Sf{t)= J2 4" ( v ) tk and^S^(t) = J2 sf (V)t k be the Mmkovski poly- 

0<k<n 0<k<d 

nomials of the set V with respect to the ambient spaces M" and R d respectively. 
Then 

sr { t) = e-«.J2 lXli + ]h d (v)t«. (8.6) 

Lemma 18.51 appears in slightly different notation as Theorem 1 11. 31 in Section 
lll| where a proof is presented. 



Definition 8.6. The mixed volumes appearing in (18. 2|) are said to be cross-sectional 
measures of the set V and are denoted as s n -k(V): 

Vol(V,V, ... ,V; B n ,B n , ... ,B n ) = s n - k {V), 0<k<n. (8.7) 

" v ' S v ' 

n— k k 

Thus, the coefficients of the Minkovski polynomials SV, which appear in 
(|1.21|) , can be written as 

/ ti\ ( Ti\ rt\ 
Sfe(V) = I ^ )s n -k(V), I ^ ) = 7J7^ ^Jj are binomial coefficients, (8.8) 

and the Steiner polynomial itself can be written as 

M*)= E (%n-k(V)t\ (8.9) 
The following fact will be used in Section [POl 

Alexandrov-Fenchel Inequalities. Let V, V C W 1 , be a compact convex set. Then 
its cross- sectional measures Vk(V) satisfy the inequalities 

v 2 k {V)>v k -x{V)v k+1 {V), l<k<n-l. (8.10) 

A.D. Alcxandrov published two proofs of this inequality in [All] and |A12j . The 
first of them, a combinatorial proof, is carried out for convex polyhedra. The 
second proof is more analytical. It uses the theory of self-adjoint elliptic operators 
depending on a parameter. This proof is carried out for smooth convex sets. To 



25 Defining the Steiner polynomial Sy , we can assume that the smallest affine subspace of ] 
which contains V is the space K d . 
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the general case, both proofs are generalized by limit arguments. The first proof 
is developed in detail in the textbook |Le| . The second proof is reproduced in 
Busemann [Bus]. It has become customary to refer to (|8.10p as the 'Alexandrov- 
Fenchel inequality', because Fenchel [Fen] also stated the inequality and sketched 
the proof. Its detailed presentation was never published. At the end of 1978 Tessier 
in Paris and A.G.Khovanskh in Moscow both independently obtained an algebraic- 
geometrical proof of the Alexandrov-Fenchel inequality using the Hodge index 
theorem. This proof is developed in §27 of the English translation of [BuZa] and 
was written by A.G. Khovanskh. (In the Russian original of [BuZaj an erroneous 
algebraic proof of the Alexandrov-Fenchel inequality was included, which has been 
excluded in the English translation.) Regarding the Alexandrov-Fenchel inequality, 
see also jBuZal §20], and [Schnl Section 6.3]. 

Definition 8.7. A sequence {pk}o<k<n of non-negative numbers: 

Pk>0, 0<k<n, (8.11) 

is said to be logarithmically concave, if the following inequalities hold: 

pt>p k -iPk+i, l<A<n-l. (8.12) 

Thus, the Alexandrov-Fenchel inequalities can be formulated in the form: 

For any convex set V, the sequence {vk{V)}o<k<n of its cross sectional 
measures is logarithmically concave. 

Under the extra condition (|8.1ip , the logarithmic concavity inequalities (18.12[) 
for the coefficients of the polynomial 

p w= E ffcW< ( 8 - 13 ) 

0<fc<n ^ ' 

or for the coefficients of the entire function 

p w= E (8 - 14) 

0<fc<oo 

have been considered in connection with the distribution of the roots belonging 
to P. In this setting, such (and analogous) inequalities are commonly known as 
Turin Inequalities (Turan-like Inequalities). Concerning Turan inequalities see, for 
example, KaSij and |CrCs2j . 

Remark 8.8. The Turan inequalities (|8 . 1 2|) for the coefficients of the polynomial 
(|8.13[) or entire function (|8 . 14[) impose some restrictions on roots of P. However, 
these inequalities alone do not ensure that all roots of P are located in the left half 
plane {z : Rez < 0}. 

For example, given m£N, let 

Pk — 1 for fc = 0, 1, . . . , m and p^ = for k > m. (8.15) 
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Such pk satisfy the Turan inequalities (|8. 12[) . The function (|8.14[) corresponding 
to these pk is the polynomial 

P ™W= E ( 8 - 16 ) 

0<fc<m 

This polynomial is a truncation of the exponential series. It is known that already 
for m = 5 the polynomial (|8.16[) has two roots located in the half plane {z : 
Rez > 0}. G. Szego, [Si], studied the limiting distribution of roots for sequence of 
polynomials P m , (|8.16p . as m — > oo. From his results on the limiting distributions 
of the roots, it follows that for large m, the polynomial P m not only has roots 
in the half plane {z : Re z > 0}, but that the total number of its roots located 
there has a positive density as m — ► oo. For further information on the roots of 
truncated power series we refer the reader to the book |ESV| and to the survey 
[Ostlj . For m < n, the polynomial (|8.13|) with p^ as in (I8.15|) takes the form 

Pm,n(t)= E (t) tk - ( 8 - 1? ) 

I.V. Ostrovskii, |Ost2] . studied the limiting distribution of roots for sequence of the 
polynomials P m , n as m,n — > oo, m/n — + a, a € (0, 1). From his results it follows 
that for large m,n: n/m — 0(1), n/(n — m) = 0(1) the polynomial P m ^ n not only 
has roots in the half plane Re 2 > 0, but that the total number of its roots located 
there has a positive density as m,n — > 00, m/n — * a € (0,1). 



9. The Routh-Hurwitz criterion. 

If possible, a geometric approach to finding the location of the roots belonging to 
Steiner and Weyl polynomials would be useful. At the moment we are, however, 
not able to do this. The only general tool from geometry which we can use are 
the the Alexandrov-Fenchel inequalities (|8.10| for cross-sectional measures Vk(V) 
of convex sets. Therefore, one should express all polynomials which we investigate 
in terms of these cross-sectional measures. 

As it was explained in (|8.9p . the expression of the Steiner polynomial Sy for 
the convex set V, V C K™, in terms of the cross-sectional measures Vk(V) is 

v— v f n 



Sf{t)= Y, (l)vn-k(V)t k . (9.1) 

Lemma 9.1. Let M be a closed convex surface, dimM = n, and let V, V C 

be a generating convex set: M = dV. 

Then the Weyl polynomial can be expressed as 

w)= E 2^h. v ^ t21 ^ ^ 

0</<ffl V ; 
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where Vk(V) are the cross- sectional measures of the generating convex set V. 
Proof. The expression (jPl) is a consequence of (|l~4"Tj) . (IT35|) and (|57S|) . □ 



The inequalities (|8. 10[) for the coefficients of the polynomials (|9.ip and (|9.2[) 
comprise one of two general tools, which will be used in the study of the location of 
roots of these polynomials. The second general tool at our disposal is the collection 
of criteria describing the dissipativity (or, alternatively conservativeness) property 
of polynomials in term of their coefficients. 



Theorem (Routh-Hurwitz). Let 

P{t) = a t n + ait 11 - 1 + . . . + a n -it + c 
be a polynomial with strictly positive coefficients: 

do > 0, a% > 0, . . . , a n _i > 0, a n > . 



(9.3) 
(9.4) 



For the polynomial P to be dissipative, it is necessary and sufficient that all the 
determinants A^., k = 1, 2, . . . , n — 1, n, be strictly positive: 



Ai > 0, A 2 > 0, . . . , A„_i > 0, A„ > 0, 



(9.5) 



where 



01, 



11 «3 
a a 2 



a\ as 



Ol 


az 


05 


0.7 


"0 


02 


04 


06 





ai 


03 


OS 





ao 


u> 


O4 



ai a 3 a 5 
ao 02 «4 
ai 03 



(9.6) 



This result, as well as many related results, can be found in |Gant| Chapter XV]. 
See also }KrNaj . 

Remark 9.2. Actually, to prove that the polynomial P, (|9.3[) . of degree n with pos- 
itive coefficients a&, k = 1, 2, . . . , n, is dissipative, there is no need to inspect all 
Hurwitz determinants A^, k = 1, 2, . . . , n, for positivity. It is enough to inspect 
either the determinants A^ with even fc, or the determinants with odd k. (See 
[Garitl Chapter XV, §13].) 

Applying the Routh-Hurwitz criterion to determine whether the Steiner poly- 
nomial Sy is dissipative, we should take, according to ()9. 1|) . 

a fc = TT7 TXT^^)' 0<fc<n, a fe = 0, £; > n . (9.7) 

k\(n — fc)! 

From the criterion for dissipativity, the criterion of conservativeness can be derived 
easily. 
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Theorem (Criterion for conservativeness). Let 

(t) — aot +0,21 + ... + a 2m _ 2 t + a2r, 

6e a polynomial with strictly positive coefficients 021, < I < m: 
ao > 0, a 2 > 0, . . . , a 2m -2 > 0, a 2m > . 



(9.8) 



(9.9) 



For the polynomial P to be conservative, it is necessary and sufficient that all the 
determinants Dk, k = 1, 2, . . . , 2m — 1, 2m, &e strictly positive: 



Di > 0, £> 2 > 0, £»3 > 0, 



D 



2 m 



_1 > 0, D 2m > 0, 



(9.10) 



where Dk are constructed from the coefficients of the polynomial P according to 
the following rule:Dk is the determinant Ak, (|9.6|) . whose entries 021, < I < m, 
are the coefficients of the polynomial P, and a 2 ;+i — (m — I) a%i, < I < m — 1: 



ma , D 2 



m ao (m — l)d2 
a a 2 



£>3 



mao (m — l)a2 (™ — 2)04 
ao a.2 0,4 

mag (rri — l)a2 



D 4 



rrt ao (rrt — 1) 02 (m — 2)a4 (m — 4)a6 

ao 02 04 as 

mao (m — 1) a2 (m — 2) 04 

ao a2 04 



(9.11) 



mao (m — l)a2 (m — 2)a4 ... 
ao a2 04 ... 

mao ( m ~ 1)^2 • • • 



"2 11 



Proof. This theorem is the immediate consequence of the Hermite-Biehler Theo- 
rem and Lemma 17.41 □ 



Applying criterion for conservativeness to determine whether the Weyl poly- 
nomial WjS is conservative, we should take, according to (|9.2p and (19. 8|l . 



a-2i 



(n + 1)! 



2 m - i (m-i)!(2l + ti-2m)! 

< / < m, a 2i = 0, Z > m , where m = [f ] (9.12) 



10. The case of low dimension: proofs of Theorems 12.51 and 12.61 

Proof of Theorem \2.5i We apply the Routh-Hurwitz criterion for dissipativity to 
the Steiner polynomial S\ . 'Expanding' the Hurwitz determinants (|9.6|) , and 
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taking into account that a k = for k > n, we obtain that for n < 5, 

Ai=ai (10.1.1) 

A 2 = aia 2 - a a 3 , (10.1.2) 

A3 = a\a 2 a 3 + aoaiet5 — a^a^ — a^a^ , (10.1.3) 

2 2 2 2 2 2 

A4 = 01020304 + 00020305 + 200010405 — a^a^ — &o a 5 — aoa 3 a4 — aia 2 05, 

(10.1.4) 

A 5 = a 5 A 4 , (10.1.5) 

where we should take a k as in (|9.7[) . 

According to the Routh-Hurwitz criterion, we have to prove that Ai > 
0, A 2 > 0, . . . , A„ > 0. The cases n = 2, 3, 4, 5 will be considered separately. 
Since V is solid, we have that v k (V) > 0, < k < n. ( Corollary [511b and ([5T5]) .) 
Thus, the determinant Ai = (™)w 1 (V r ) is always positive. 

The cases n — 2, 3, 4, 5 will again be considered separately. For simplicity, we 
write Vk instead v k (V). 

n = 2. In this case, 

a = Vo, ai = 2vi, a 2 = v 2 , 
A 2 = 2v 2 vi . 

The inequality A2 > is evident. Thus, the Steiner polynomial S v is dissipative. 
n — 3. In this case, 

a = v , ai = 3«i, a 2 = 3^2, 03 = "3 , «*; = 0, fe > 3 . 
Substituting these expressions for a k into (jlO.ip . we obtain 

A 2 = 9viv 2 - v v 3 , A 3 = v 3 A 2 . 
Thus, Sy 3 is dissipative if, and only if 

9viV 2 > v v 3 , ITU^l) 

n — 4. In this case, 

a = vq, 01 = 4vi, a 2 = 6i> 2 , 03 = 4u 3 04 = 114, a fe = 0, k > 4 . 
Substituting these expressions for into (|10.1[) . we obtain 

A2 = 2Av\v 2 — 4wof3, A3 = 96i>it>2i | 3 — 16t>of3 ~ ^v\v^ , A4 = W4A3 . 
Thus, Sy is dissipative if, and only if the pair of inequalities 

&v\v 2 > v v 3 , (10.3a) 

6viv 2 V3 > vqv^ + v\v± . (10.3b) 

n — 5. In this case, 

a = v , a\ = 5«i, 02 = 10u 2 , a 3 = 10u 3 , a 4 = 5i> 4 , a 5 = v 5 , a k = 0, k > 5 . 
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Substituting these expressions for into (jlO.ip . we obtain 

A2 = 50uii?2 — IOU0U3, A3 = 5OOW1W2W3 + 5wowif5 — IOOW0W3 — 125^x^4 , 

A4 = 2500tiiW2f3f4 + 100woW2V3f5 + 50«of 

— 625V-L u 4 — v v 5 — 500vqv 3 V4 — 500i;o^i^5 , A5 = V5A4 . 
Thus, Sy 5 is dissipative iff the following three inequalities hold: 

5uiv 2 > v v 3 , (10.4a) 

IOOU1U2V3 + V0V1V5 > 20v o vl + 25vlv 4 , (10.4b) 

2500«li;2l'3V4 + 100foW2^3^5+50wol l 2l , 4U5 > (10.4c) 

> 625vjvl + b00v vlv4, + SOOuiuf v 5 + vlv\ . 

As it is claimed below in Lemma flO.21 the inequalities (|10.2[) . (|10.3[) , (|10.4[) . where 
Vk = Vkiy) are the cross-sectional measures of the solid compact set V of appro- 
priate dimension, are consequences of the Alexandrov-Fenchcl inequalities. This 
completes the proof. □ 

Remark 10.1. The above does not hold for all n. If n is large enough, then the 
conditions v\ > Vk-xVk+i, 1 < k < n — 1 , for positive numbers Vk, do not 
imply the inequalities Aj, > for all k = 1, . . . , n, where A& is constructed from 
a/j's given by a,k = (Z)i)k- Already for n = 30, A5 < for certain Vk satisfying 
these conditions. Moreover, as we will see later, for n large enough, there exist 
examples of compact convex sets V C K n for which the Steiner polynomial Sy is 
not dissipative and the Weyl polynomial Wg V is n °t conservative. Although the 
sets V in such examples are solid, they are "almost degenerate". 

Lemma 10.2. Let Vk, < k < n, be strictly positive numbers satisfying the inequal- 
ities 

vl > Vk-iVk+i, l<fe<ra-l. (10.5) 

Then: 

1. Ifn = 3, the inequality (|10.2p holds; 

2. If n = A, the inequalities (|10.3p holds; 

3. If n = 5, the inequalities (|10.4[) holds. 

Proof of Lemma \1U.2\ The logarithmic concavity inequalities (| 1 . 5[) imply the in- 
equalities 

V p V s > V q V r , (10.6) 

where p, q, r, s are arbitrary indices satisfying the conditions 

l<P<q<r<s<n, p + s = q + r . (10.7) 

n — 3. vtv 2 > v v 3 =>■ (fT0~2l) 

n — 4. > v v 3 , v 2 v 3 > V1V4 (|10.3D 
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n = 5. 

VlV 2 > VqVz , V V 5 > VxV4 , V 2 V 3 > VXV4 , V 3 V4 > v 2 v 5 , v 2 v 3 > v Q v 5 =*> (|10.4|) 

□ 

PROOF of THEOREM \2.6\ We apply the Conservativeness Criterion, which was 
formulated in the previous section, for Weyl polynomial W^. Expanding the de- 
terminants Dk, (|9.1ip , and taking into account that a 2 i = for / > [^] , we obtain 
that for n < 5, that is,EH for m = [§] < 2, 

£>i = ma (10.8.1) 
D 2 = a Q a 2 , (10.8.2) 
D 3 = a ((m - l)al - 2ma a 4 ) , (10.8.3) 
D4 = 0004(02 — 40004) . (10.8.4) 

where we take 02/ as in (|9.12D . 

According to the Conservativeness Criterion, we have to prove that D\ > 0, 
D 2 >0, ... , D 2m > 0, where m = [§] . 

Since V is solid, v k (V) > 0, < k < n + 1. (Corollary Ob and (g^D .) Thus, the 
determinants D±, D 2 are always positive. 

Therefore, if n = 2 or if n = 3, that is, if m = 1, the Weyl polynomial Wj£ is con- 
servative. Of course, this fact is evident without referring to the conservativeness 
criterion: 

In the case n — 2, according to (|9.7[) or (|9.2[) . 

In the case n = 3, according to (|9.7p or (|9.2[) . 

W%{t) =v 3 + 3 Vl t 2 . 

In both cases, n — 2 or n = 3, the polynomial is clearly conservative. 

In the cases n = 4, n = 5, which corresponds to the case where m = 2, 

D 3 = a (aj - 4a a 4 ), L> 4 = a 4 L> 3 . 

According to (|9.12j) . we must also take the following two cases into account: 
In the case that n — 4 

ao = 15fo, a 2 — 30t>2, 04 = 5t>4 . 

Thus, 

D 3 = 15w (900w2 - 3OOU0U4) • 
The conditions D 3 > 0, D4 > take the form 

3«| > VQV4 ■ (10.9) 

In the case that n — 5 

ao = 90vi, a 2 = 60t>3, 04 = 6^5 . 

26 Recall that n = dim JVC, n + 1 = dim V : M = dV. 
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Thus, 

D 3 = 90fi(900«2 - 300v v 4 ) ■ 
The conditions D3 > 0, D4 > take the form 

5«|>3i;i«5- (10.10) 

The Weyl polynomial is, therefore, conservative in the cases n = 4 and 

n = 5 if the inequalities (|10.9|) and (|10.10p hold, respectively. Vk = Vf-(V) are 
the cross-sectional measures of the solid compact set V generating the surface 
M : M = dV. The inequalities (|10.9p and (|10.10|) are, in turn, consequences of 
the inequalities v\ > V0V4 and > V1V5, respectively. The latter inequalities are 
special cases of the inequalities (|10.6p . Thus, in the cases n = 4 and n = 5 the 
Weyl Wjfi polynomial with infinite index is conservative. By Lemma HOI all Weyl 
polynomials W£, p = 1, 2, 3, . . . , are conservative as well. □ 



11. Extending the ambient space. 

Adjoint convex sets. Let V be a compact convex set, V C K n . We may consider 
the space 1" as a subspace of R" +<? , where q = 1, 2, 3, .... The embedding R" in 
R n+9 is canonical: 

R" M"+« : . . . , £ n ) -» . . . , ^! 0, . . . , ). 

Thus, the set V, which originally was considered as a subset of R™, may also be 
considered as a subset of R™+ 9 . In other words, we identify the set I'd™ with 
the set V x q , which is the Cartesian product of the set V and the origin q of 
the space R«: V x 9 C R n+q . 

Definition 11.1. Given a compact convex set V, V C R n , and a number q, q = 
0, 1, 2, 3, . . . , the q-th adjoint to V set is defined as: 

y{i) = y x ? , 7 (9) cR n+9 , (11.1) 

where q is the zero point of the space R 9 , and the space M. n+q is considered as 
the Cartesian product: W l+q = R™ x R«. 

The Steiner polynomial Sy x0 <, of the q-th adjoint set, denoted by V^ q \ 

SVxo* = Vo\ n+q (V x0 q + W n+q ), (11.2) 
is said to be the q-th adjoint Steiner polynomial for the set V. 

For q — 0, the set V^ ' coincides with V, and the polynomial S'^T^q comc ides 
with S\ . For q = 1, the set V^ 1 ' is called the squeezed cylinder with the base V. 
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Steiner polynomials for adjoint sets. Let us consider the following question: 
What is the relationsheep between the polynomials (t) and S^^Q q (t)7 

We have 

Lemma 11.2. Let V be a compact convex set in IR n , and 

SV(t)= £ sf(V)t k (11.3) 

0<fc<n 

be the Steiner polynomial with respect to the ambient space R n . Then the Steiner 
polynomial S^ x0 (t) is equal to: 

=*E TTsfer (1L4) 

0<fc<n 1 ^ 2 + ^ 

Proceeding the induction over q and using Lemma 111.21 we obtain 
Theorem 11.3. Let V be a compact convex set in W 1 , and 

sf(t)= E 4W (n.5) 

0<k<n 

be the Steiner polynomial of the set V . Then the q-th adjoint Steiner polynomial 
Sy x0 q(t) of the set V is equal to: 



S%£(t)= E 4»7 ( fc 9) t k+ \ (ll.t 



0<fc<n 

where 



1 (, 2 ^ 



A sketch of the proof for this theorem can be found in [Had} Chapter VI, Section 
6.1.9]. A detailed proof is presented below. 

Remark 11.4. Theorem 111.31 means that the sequence of the coefficients 
{sf + "(V x 0")} <fe<„+ 9 of the polynomial Sf x + V 

sTZ(t)= E 4" + >xOV (H.8) 

0<fc<n+g 

are obtained from the sequence of the coefficients {sk(V)}o<k<n of the polynomial 
5y , (|11.5[) . by means of a shift and multiplication: 

sf (VxO«)=0, 0<fc<g; (11.9a) 

sf+ q q (V x 0') = sT(V)^\ 0<k<n. (11.9b) 
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Remark 11.5. According to Theorem 111.31 the transformation which maps the 
polynomial 5* into the polynomial S^ x ^ q is of the form 

J2 s k t k ^ Yl ^ sfc<fc > ( 1L1 °) 

0<fc<n 0<fc<ra 

where 7fc is a certain sequence of multipliers. (The factor t q in front of the sum in 
(111.6P can be omitted). Transformations of the form (|11.10[) were already discussed 
is Section O Such transformations were considered in relation with locations of 
roots for polynomials and entire functions. 

Lemma 11.6. For any q, q = 1, 2, 3, . . the sequence {7^ }fe=o, 1,2, ... is not a 
multiplier sequence in the sense of Definition 15.41 

Proof. In Section [13] we explain that the entire function 

^ -v (9) 

^(*)= E \ l ( 1LU ) 

0<fc<oo 

has infinitely many non-real roots. The entire function fJ. q (t), pi. lip , appears as 
the function A4b°° xoq (t) in Section (|11.26p . (Up to a constant factor which is not 
essential for study the roots.) According to the Polya-Schur Theorem, which was 

formulated in[5l the sequence {7/5^}fc=o, 1,2, ... is not a multiplier sequence. □ 

Remark 11.7. In Section [T3] we study the function /i 9 in much more detail that 
is needed to prove Lemma 111.61 We investigate for which q function's roots are 
located in the left half plane. The question of whether or not there are non-real 
roots is much less involved. This question may be answered from very general 
considerations. The function \i q admits the integral representation: 

1 

H q (t)=qu q J (l-e^-^e^dC (11.12) 


(Expanding the exponential into the Taylor series, we see that the Taylor 
coefficients of the function on the right hand side of (|11.12p are the numbers 

-Tp.) From (|11.12p it follows that the function fi q (t) is an entire function of 
exponential type and that its indicator diagram is the interval [0, 1]. Moreover, 
sup_ 00<t<00 |/iq(«£)| < 00. In particular, the function [i q (it) belongs to the class 
of entire functions, denoted by C in |Lev21 Lecture 17]. It follows from the 
Cartwright-Levinson Theorem (Theorem 1 of the Lecture 17 from |Lev2] ) that the 
function fj. q (t) has infinitely many roots. These roots have positive density, and 
the 'majority' of these roots are located 'near' the rays argi = | and argt = — §• 
In particular, the function fJ. q (t) has infinitely many non-real roots. (We already 
used this reasoning to prove Statement 2 of Theorem 16.41 ) 
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Proof of LemmaTTM Let (a;, s) € W l+1 , where x € R™, and s € E. Then, by the 
Pythagorean Theorem, 

distR„+i((x,s), y x 0) = distgn {x, V) + s 2 . 

Therefore, the equivalence 

(dist r+ i((i,s),l/x 0) < t) (dist R n(a:,V) < v^ 2 - s 2 ) (11.13) 

holds. Let 

£vx + o*(*) = e R " +1 : dist R „+i((a;,s),y x 1 ) < t}. (11.14) 

be the i-neighborhood of the set V x 1 with respect to the ambient space 
Thus, 

Vol n+1 (%f^ (t)) = S$?v (t). (11.15) 

For fixed s G R, let S(s) be the 'horizontal section' of the set T^^i (f) on the 
'vertical level' s: 

6(s) = {x e R" : (x,s) G T R y +1 (t)}. 

Clearly 

Vol n+1 (Tf x + 1 1 (t))= f Vol n (6(s))ds . (11.16) 
The equivalence (|11.13|) means that 



6(a) = Ty'W* 2 - s 2 ) = : dist R „(a;,y) < ^t 2 - s 2 }. 

Thus, 

Vol„(6( S )) = S»"(^2- S 2). (n.17) 
From (|11.16p and (|11.17|) it follows that 

t 



Making the substitutions s — > ts 1 / 2 , we obtain 

l 

s R ; + \t) = t J sf{t{\ - S ) i / 2 ) S -V2 ds . 



Substituting the expression (|1.3ip for S v into the latter formula, we obtain 

l 

Sfxo'to = * E s ^ tk A 1 - ^) fc/2 ^ 1/2 ^- 

0<fc<n q 

According to Euler, 

/a - 8) k '*8- i '*ds = b(i + 1 1) = r( yjy + ^ = 
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Thus, (fTOjl holds. □ 



Proof of Theorem ] We proceed by induction over q. For q — 0, the assertion 
is trivially clear. We now show that if the statement holds for q, then it also holds 
for q+ 1. Since V x q+1 = (V X 0«) x 0\ and W n+q+1 = R n+q x R 1 , we can apply 
Lemma 111.21 to the convex set V x q whose Steiner polynomial is (| 11 . 6|) (by the 
inductive hypothesis). The inductive hypothesis can be formulated as 

s R k +9 {V x q ) = 0, 0<k<q; (11.18a) 



si (VxO«) = st_ q (V) 7 ^ g , q<k<q + n. (11.18b) 



^ n<n _ „K" „,(<?) 
By Lemma Tl. 151 

{{V x q ) x 1 ) = 0, fc = ; (11.19a) 



+ + l 

fc 

,(„ + «) + ! //r „ , .: . (!) 



((V x q ) x 1 ) = sf_i ((V x q )) • 7^ , 1 < fc < n + g + 1 . 

(11.19b) 



In view of the identity 



(q) (1) ( 9 +l) 

Th ■•Tk+ q =Th 



(|11.19j) takes the form (|11. 18[) with g replaced by g + 1 . □ 

Remark 11.8. From (TL6]) and (flTTf it follows that 

7 ( fe 9) = . (11.20) 

Thus, the equalities (jll.9bj) can be rewritten as 

fg>^> _ i£g) , ,.o,l,2 (11.21) 

The equality (|11.2ip holds for fc = 0, 1, . . . , n. The value sf 1 (V) is not yet defined 
for other values of fc. Let us agree that 

w k = l for fc < 0, s ] f(V)=0 for fc<0 and for fc > n . (11.22) 

The equality (|11.2ip then holds for every k e Z. For fc > n or for fc < — q (|11.2ip 
is trivial. For -q < fc < - 1 (|11.2ip coincides with (|11.9a|) . For < fc < n (|11.2ip 

coincides with (| 1 1 .9b[) . The ratio — — is called the k-th intrinsic volume of 

V in [McM] . 
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The Steiner polynomials for the q-th adjoint to the ball B n . In particular, applying 
Theorem E31 to the case V = B n , B n C W\ we obtain: 

ST^it) = u; n ajgt q MBn x0 ,(nt) , (11.23) 
where the normalized Steiner polynomial A4b™xo<i is defined as 

m (t)- V m r(| + i)r(| + i) ^ 

0<fc<n V ; V 2 T L > 



The polynomial .M s« X 09 is the Jensen polynomial associated with the entire func- 
tion M B " X ° 9 : 

M (t)=3n(M B^xai',t), (11.25) 

where 

o<fe<oo 1 y— + ^ K - 

Comparing (|11.26|) with (|11.12p . we obtain 

l 

M B ™^(t) = q [(l-e^-He^dt. (11.27) 
o 

For every q = 0, 1, 2, . . . , the function Mb°°xqi is an entire function of the 
exponential type one. 

Lemma 11.9. 

1. For q = 0, 1, 2, 4, the entire function Mb^xw is in the Hurwitz class !H; 

2. For q > 5, i/ie entire function A4b°°xoi is not in the Hurwitz class: it has 
infinitely many roots in the open right half plane {z : Imz > 0}. 

Proof of this Lemma is presented in Section [T"3l Statement 2 is a consequence 
of the asymptotic calculation of the function Mb°°xO"- (See Lemma H3.ll ) 

For q = 0, we have that Mb°°xo° = e*. M.b°°xo° = e* is therefore of type I 
in the Laguerre-Polya class: A^soo x0 o € £-CP-L For q = 2 and q = 4 the functions 
-Mbooxo-j can be calculated explicitly. The case q = 1 is more involved. The case 
q = 3 remains open. 



Proof of Statement 1 of Theorem \2.12l Let q > 5 be given. According to State- 
ment 2 of Lemma lll.9[ the function Mb^xoi has infinitely many roots in the 
open right half plane. In view of the approximation property of the Jensen poly- 
nomials fLemma I4.2[) . some roots of the Jensen polynomial 3n(M.B oo x0i'-i t) for 
n > n (q) are located in the open right half plane. Because of (|11.23[) and (|11. 251) . 
some roots of the Minkovski polynomial Sb^xoi of the (non-solid) convex set 
B n x q , B n x 0' C R™ +9 , are located in the open right half plane. For fixed 
n : n > n(q), consider the ellipsoids E n q e defined in (|2.9|) . E n q e c IR ra+IJ . For 
e > 0, the ellipsoid E n q e is a solid convex set with respect to the ambient space 



On H. Weyl and J. Steiner Polynomials 



53 



M™ +9 . The family of convex sets {-EW, g, e}e>o is monotonic, (See Remark 1 1 . 1 61 and 
footnote [7]) , and 

lim o E„ >g , E = B n x 9 . (11.28) 

It is known that the Steiner polynomials Sy (t) depends on the set V continuously: 
see Section [S] and footnote [Ml Therefore, 

iim5i: + ; e (t) = ^: + x ;,(t) (11.29) 

locally uniformly in C. Hence, there exists an e(q,n), e(q,n) > such that the 
Steiner polynomial * e has roots located in the open right half plane. □ 

The Weyl polynomials for the boundary surfaces of the adjoint convex sets. Keep- 

T V 

VxOi ■ 



ing Definition II. 171 in mind, we now define the adjoint Weyl polynomials 



Definition 11.10. Given a convex compact set V, V C W l , and a number q, q — 
0, 1, 2, 3, . . . , , the q-th adjoint Weyl polynomial Wgr Vx0q \ of the index 1 for the 
convex surface d(V x 9 ) is defined using the odd part of the q-th adjoint Steiner 
polynomial S^ X Q q : 

2tW 9 \ Vx0q) (t) d = f SlTo4t) ~ Sf+U-t) , (11.30) 

where is the q-th adjoint Steiner polynomial which was introduced in Defi- 

nition [TT7TJ More specifically^], 

W d \ Vx0q) (t) =J24w(V x 9 )i 2 < . (11.31) 

Using (jll.3ip . we can define the Weyl coefficients W2i(d(V x 9 )) according 
to Definition 

w 2l (d(V x 9 )) = s^(V x 9 )^^i . (11.32) 

The Weyl polynomials Wgryxot) with higher p are then defined according toF^I 
Definition [TT241 

Definition 11.11. 

W|(VxO.)(*) = H w ^ d( y x 9 ))(2 7 r)-'^^ . (11.33) 

Thus, 



27 According to the convention JTL22), sf (V X 9 ) = for 21 + 1 < or 21 + 1 > n + q . 
28 We remark that 2 ~' F (f + = r^yl ^l+P 

r(f + / + i) y ' UJ V 
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Let us clarify how the Weyl polynomials for the convex surfaces dV and d(V x 9 ) 
are related. Here, we also have to distinguish between even and odd cases for q. 

Lemma 11.12. Let V, V C K", be a solid compact convex set, and let p > 0, q > 
be integers. Then 

1. For even q 

" P t P ■ W d p (VxQq) (t) = u P+q t* + « ■ Wf+«(i) ; (11.35) 

2. For odd q 

■ W d p {vx0q) {t) = u^tt^-'W^l^t) . (11.36) 

Proof of Lemma \11.12[ 

1. Let q be even. The equality pi.21[) with k = 21 + 1 — q takes the form 

S QxQ3) _ sf l+1 _ q (V) 

^21+1 ^2Z+l-g 

From this and (|11.34p it follows 

s Rri (V) 

" P t P W p di vxo«) (*) = E 2l+1 ~" ^i+p t2l+P ■ 
Changing the summation variable: I — > I + |, we obtain 

^W^fi) = E ^2l +P+q . 

iez 2l + 1 

The expression on the right hand side of the latter equality has the same form as 
the expression on the right hand side of (|11.34[) . One need only replace V xO with 
V, p with p + q, and n + q with n in pi.34[) to see this. It follows that (|11.35p 
holds. 

2. Let q be odd. The equality implies the equality 



^2/+l U> 2 l+l-{q-l) 

From this and (|1 1 .34[) it follows that 

Changing the summation variable: I — > I + ^r - ) we obtain 

<^ x0l) (t) = e 4;+ i (T/xQl) -i-a^-t t 2 ^ 1 • 

The expression on the right hand side of the latter equality has the same structure 
that the expression on the right hand side of (|11.34p . Again, one need only replace 
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V xO q with VxO 1 ,? with p + q - 1, and n + q with n+1. It follows that (|11.36|) 
holds. □ 

Lemma H 1 . 121 tell us that when considering the boundary surfaces d(V x 9 ) 
of the g-th adjoint convex sets V x 9 , it is enough to restrict our considerations 
to the cases q = and q = 1. 



Proof of Statement 2 of Theorem \2.12\ By Statement 2 of Theorem l6.8l the entire 

,p+q-l 

d{B°°xO) 



function Wg ( .~tj < L * n has infinitely many non-real roots. (We assume that p+q — 1 > 



5.) If n is large enough, the Jensen polynomial Wg^ ra + 1 1)<0) (i)=02[n/2] (Wgj^«,xo) ; *) 
also has non-real roots. According to (|4.12b[) and (|4.13b[) . the Weyl polynomial 
Wg?g~ x0 s(t) has roots which do not belong to the imaginary axis. By Statement 
2 of Lemma [Ti~T2l 

TJ/P _ "p+g-1 j-q-lwP+q- 1 

KK 9(B«X(K) ~ u p 1 ^9(B"xO)- 

Thus, the Weyl polynomial W^b^xO") ^ as r00 ^ s which do not belong to the imag- 
inary axis. For fixed q, n and a positive e, consider the ellipsoid E n< q< e defined by 
(EU). Since E n>qte -> B n x 0« as e -> +0, also W| n ^ ^ -> W^s-xos) as e +°- 
Hence, if e is small enough: < e < e(n,p,q), the polynomial We u q e has roots 
which do not belong to the imaginary axis. □ 



12. The Steiner polynomial associated with the Cartesian product 
of convex sets. 

Let Vi and V2 be compact convex sets, 

V x CM™ 1 , y 2 cM" 2 . 

Then the Cartesian product V\ x V% is a compact convex set embedded in the 
Cartesian product R" 1 x R™ 2 . Since R" 1 x R" 2 can be naturally identified with 
R™ 1+ " 2 , we can consider V\ x V2 as being embedded in R" 1+ " 2 : 

Vi X V 2 C R" 1+ " 2 . 

The natural question arises: 

How the Steiner polynomial S'yixv^ for the Cartesian product Vi x V% can be 
expressed in terms of the Steiner polynomial^^ S 9 V ^ and for the Cartesian 
factors V\ and V2 ? 

To answer this question, we introduce a special multiplication operation in the set 
of polynomials, the so-called M-product. 



9 The Steiner polynomials Sy 1 , Sy 2 > Svx x V 2 are considered with respect to the ambient spaces 
K"i, K™2, R"i+"2 respectively. 
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Definition 12.1. The M-product t k °t l of two monomials t k and t l is defined as 

1W + 1) 



t fc of i^ r (|+y(5 + 1 ) t fc+t ) fe > 0) Z>0. (12.1) 



It is clear that 

&).t°°t k =t k , b). t k ot l =t l °t k , c). {t k °t l )°t m = t k °(t l °t m ). (12.2) 

The M-multiplication (|12.1|l of monomials can be extended to the multiplication of poly- 
nomials by linearity: 

For A(t) = a fc* fe > B ( t ) = E bltl > (12.3a) 

0<k<n 1 0<l<n 2 

(a.b)®= E «*M* fc -* , )= E ^ r(l r }^ r ji +1) *» 



0<fc<ni, 0</c<rii,0<(<n 2 
0<Z<n 2 



Finally, the M-product A°i3 of the polynomials A and -B is defined as 

•*)(*)= E f E °^' r( i|4 r ^) +1) ) fr - (12 - 3b) 



0<r<ni+n 2 v fc>(M>0,fc+Z=r 



From (dUlb) and fT2~21 c) it follows that 

A°B = B°A, (A°B)°C = A°(B°C) 

for any polynomials A, B, C. In particular, the product A° B ° C of A, B, C is 
well defined. This product can be explicitly expressed in terms of the coefficients 
of its factors: if 

A(t)= aktk > B ^= E bitl > c w= E c ™* m > 

0</c<m 0<(<n 2 0<m<n 3 

then 

(A r V ( a hr r(| + i)r(| + i)r(f + i) \ 

( j4 ° J, " C )W- I <L OfcOlCm T ( k+l+m | J*" 

fc-t-Z+m=r 

It is clear that for every number A and for any polynomials A and B, 

{\A)°B = \(A o B). 

Moreover, if 

1(f) = 1, T(t) = t, 

then 

IoA = A. 
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Thus, the polynomial I is the identity element for the M -product 
It is worth mentioning that 

f(°fc) ^.t. ; .. Bt = ^f/ 2) i * tfc. (12.4) 

Remark 12.2. M- multiplication by the polynomial T is related to the transforma- 
tion (jll.lOp : 



If A(t) = J2 (12.5a) 

0<fe<n 

then (To •■■oT.i)(t) = 2-V a k ^t k , (12.5b) 

p Q<k<n 

where the 'multipliers' 7^ are defined by (jll.7|) . 

Lemma 12.3. The M-product A° B of polynomials A and B admits the intearaW^ 
revresentatioi¥^ 

t 

(A a B) (t) = A(0)B(t) + J A((t 2 - r 2 ) 1/2 ) dB(r) , (12.6a) 


as well as 

t 

(AoB)(t) =A(t)B(0)+ [ B((t 2 -T 2 ) 1/2 )dA(r). (12.6b) 



Proof. First of all, the expressions on the right hand sides of (| 12 . 6[) are equal: 
Integrating by parts and replacing the variable r — > (t 2 — t 2 ) 1 / 2 , we obtain 



A{0)B(t) + / A((t 2 - r 2 ) 1/2 ) dB(r) = A(t)B(0) + / B((t 2 - r 2 ) 1 / 2 ) dA{r) 



The expressions on the right hand sides of (|12.6p . which, at the first glance, are 
asymmetric with respect to A and B, are therefore actually symmetric. Let 



1 

UlL 

0<l<n 2 



3t) The integrals on the right hand sides of 1 112. 61 are Stieltjes integrals. 
31 At least, for t > 0. 
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be the expressions for the polynomials A and B in terms of their coefficients. Let 
us substitute these polynomials into the right hand side of (|12.6a[) : 



A(0)B(t) + J A((t 2 - r 2 ) 1/2 ) dB(r) = 
o 

t 

a bit l +[( J2 «fe(* 2 -r 2 ) fc/2 )-( £ dr 

0<l<n 2 q ^0<k< ni ' M<i<n 2 ' 

I 

£ «oM'+ £ a k bfl /"(t 2 -r 2 ) fc /V- 1 dr. 

o<;<n 2 o<fc<?ii 
i<;<n 2 

Changing variable r — > tr 1 / 2 , we get 

t 1 
/ /(t 2 - r^V^dr = t k+ \l/2) f{l- rf^T 1 ' 2 - 1 ^ = 



^(1/2)2,(^ + 1^ 
Now, according to Eulcr, 

r/W* + 1. ^ - r (t + 1 H r (i) _ Ell+lM+l) 
l/ j V 2 + i '2J- r(Mi + i) ~ r(*£ + i) ' 

Thus, the right hand side of ()12.6a|) can be transformed into the right hand side 
of (|12.3b|) . □ 

Theorem 12.4. Given the compact convex sets V\ and V%, V\ C K" 1 ,!^ C K" -2 , 
let S\ x (t), S^y 2 (t) be the Steiner polynomials for the sets Vi and V^- Then the 
Steiner polynomial S y lX y 2 0/ £/ie Cartesian product V\ x V2 is egwaZ to i/ie M- 
product of the polynomials Sy 1 and Sy 2 1 ; 

* V1XV2 =6 V a °<V 2 ■ ( 12 - 7 ) 



A sketch of the proof for this theorem can be found in |Had[ Chapter VI, Section 
6.1.9]. A detailed proof is presented below. 

Remark 12.5. Let S be the subset of R 1 containing only the origin point, i.e., 
S = {t e K 1 : t = 0}. Then S s (t) = 2t, that is, 



S s (t) = 2T(t). 



(12.8) 
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Let V be a compact convex set embedded into K n . The Cartesian product V x 
S x ■ • • x S can be identified with the convex set V x CP, V x CP C K n+P . Thus, 



Svx s x ••• x s(0 — S^xqp^) , 



or 

2? (T 1 _^-T) o £*" = S r ;^p • (12.9) 
p 

In view of (|12.5|) and (|12.8p . the equality (j 1 2 . 9[) is another form of the equality 
(fTL6| . 



Proof of Theorem \12.4\ Let 

v = Vixy 2 . 

According to the identification R ni+ " 2 = W n x W 1 ' 2 , we present a point x £ K ni+ri2 
as a pair x = (xi, x 2 ), where x\ £ R™ 1 , X2 € R 17,2 . It is clear that 

dist£„ 1+ „ a (ar, V) = dist^fci, Vl) +dis4„ 3 (x 2 , V 2 ). (12.10) 

For r > 0, r' > 0, r" > 0, let V(t), Fi(t') and F 2 (r") be the r-neighborhood of V 
with respect to R rai+ra2 , the r'-neighborhood of Vi w. r. t. M™ 1 and r"-neighborhood 
of V2 w. r.t. K™ 2 respectively: 

V(t) = V + rB ni+n2 , Vi(r') = Fi +r'B ni , V 2 (t") = V 2 + t" B n2 ; 
V, i?" 1+ " 2 C R" 1+ ™ 2 ; Vi, -B™ 1 C R™ 1 ; V 2 , B n2 C M™ 2 . 

Here B ni+n2 , S™ 1 , B" 2 denote the Euclidean balls of the radius one in R"i+" 2 , 
R" 1 , I" 2 , respectively. 

Given a number t, t > 0, consider the ^neighborhood l^(i) of V = V\ X T4) 
and let 

= T < 71 < ... < Tjv-l <t n =t 

be a subdivision of the interval [0, t]. From (|12. 10)1 it follows that 

(^(0)xV 2 (f))u( [J (^ 1 (r fe )\V/ 1 (r fc _ 1 ))x^((t 2 ~r|) 1 /2)) 

l<k<N 

C C (12.11) 

(M0)^2(t))u( |J {V l {T k )\V l {T k ^))xV 2 {{t^rl_ 1 )^)). 

l<k<N 

Since ^(r fe ) D Vi(t*_i), 

Vol ni (^(r fc ) \ 7i(r fc _x) = Vol ni (^(r fc )) - Vol ni (Vifa-i)), 
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thus 

Vol ni+na ((V 1 (7 lfe ) \ Viirk-x)) x V 2 ((t 2 - t 2 ) 1 ' 2 )) = 

(vol ni (Vi(7*)) -VcHn^Vifa-i))) ■Vol„ 2 (^ 2 ((t 2 -r 2 ) 1 / 2 )), 

I = k — 1 or I — k. 

Moreover, 

Vo\ ni+na (Vi(0) x V 2 (tfj = Vol ni (7i(Q)) • Vol m (V 2 (t)) . 
In the notation of Steiner polynomials, the latter equalities take the form 

V0l ni+na ((Vl(7*) \ ^l(7*_l)) X V 2 ((t 2 - T 2 ) 1 / 2 )) = 

(Svdn)-S Vl (jl.-ij)'Sv % ((1?-'rf) 1/2 ), l = k-lovl = k, (12.12a) 

Vol„ 1+n2 (^(0) x V 2 (tfj = S Vl (0) ■ S V2 (t) , (12.12b) 

and 

Vol ni+n2 (V(t)) =S v (t), (12.12c) 

Since the sets Vi(rk) \ Vi(Tk—i) do not intersect for pairwise different fe, and none 
of these sets intersects with the set Vi(0), it follows from (|12.11[) and (|12.12|) that 

S Vl (0) • S V2 (t) + ]T (^') ~ S ^ ( T n)) ' s v, ((t 2 ~ T lf /2 ) 

l<k<N 

< S v (t) < (12.13) 
S Vl (0) • S V2 (t) + fa (n-) - S Vl (r fc _ x )) • S V2 {{t 2 - r 2 ^) 1 ' 2 ) . 

l<k<N 

Passing to the limit as max (tj — ~~ * in the latter inequality, we express 
the Steiner polynomial Sv(t) as the Stieltjes integral 

t 

S v (t) = S Vl (0) ■ S V2 (t) + J S V2 ((t 2 - t 2 ) 1 ' 2 ) dS Vl (r) ■ (12.14) 

o 

According to Lemnra [12.3[ the expression on the right hand side of (|12.14|) is equal 
to (S Vl «S Va )(t). □ 

13. Properties of entire functions generating the Steiner and Weyl 
polynomials for the degenerate convex sets B n+1 x q . 

In this section we investigate the locations of roots for entire functions generating 
the Steiner and Weyl polynomials related to the 'degenerate' convex sets B n+1 x q . 
Entire functions of this kind are 
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• The entire functions A4b°°xoi which appear in (|11.26p . in particular for q = 1 
in (|4~7b|) . 

• The entire function Wg, Boax0 y 1 < p < oo, which appears in (|4.11cp . 

• The entire function W^? Boox0 -) which appears in (|4.11d[) . 

The functions M.b°°xoi, ^a(B°°xO)' 1 < 2? < 00 can not be determined explicitly 
(except for some special values of the parameters p or q), but they can be calculated 
asymptotically. 

The above-mentioned functions admit integrable representations: 



M, 



1 

Mt) = QjO--?) i - 1 Zefi t d$ ] (13.1) 



W|(Boo x o)(*)=p/(l-e 2 )*- 1 eco B ^de; (13.2) 
o 

These integral representations can be used for the asymptotic calculation of the 
functions Mb^xqi, W£(B°°x.oy 

Another way to calculate the functions ()13.ip . (|13.2p asymptotically is to use 
the structure of their respective Taylor series. The Taylor coefficients of each of 
these functions are ratios of factorials. These functions belong to the so-called class 
of Fox- Wright functions, |CrCs4j . 

The Fox- Wright class of functions is defined as a class of functions of the form 

^ fo loa ap . P1P2 Pq . \ ^ rij = i r (Q ; j fc + 

Comparing (|13.3[) with the Taylor expansions (|11.26|) . (|4. 1 lc|) . (|4. lid)) . we see 

that 

M B °°xO«(t) = r (| + 1 ) • 1*1 {f 5 ill!*} . 1<9<oo, (13.4) 



W#(B- x o 1 )(*)=r(|)-r(f + l). 1 * a |i; 1 J ^ 1 ;--| 1 l<p<oo, (13.5) 

E.Barnes, [Barj . G.N.Watson, jWatj . G.Fox, citeFox, as well as E.M.Wright, 
[Wrl] . |Wr2] . have all studied the asymptotic behavior of the function p ^> q (z). 

Analysis of the function Mb°° xo« We would like to determine for which q this 
function belongs to the Hurwitz class "K. According to (|13.4|) , we may reduce the 

question to the proportional function i^i 1 1 ; ^ q ; z j. From the Taylor expan- 
sion it is clear that this function is an entire function of exponential type. Since 
the Taylor coefficients of the function are positive, its defect^ is non-negative. 
The function M.B^xo<i{t) is therefore in the Hurwitz class !K only if all roots of 



32 We recall that the defect of an entire function H of exponential type is defined by 115. ft . 
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the function | | ; ^^J^l are situated in the open left half plane. To investi- 
gate the locations of roots for the latter function, we use the following asymptotic 
approximation, which can be derived from results in |Wrlj , |Wr2j : 

For any s : < e < — , 

1 * 1 {f; 1 | f ;z} = 

2%z~%e z (1 + ri(z)) , |argz|<-| — e; 

F^ja^+rafc), |argz-7r| < § -e; (13.6) 

2^-l e z + r^yz" 2 +r 3 (z), | argz =f f | < £ • 
The remainders can be estimated as follows: 
|ri(z)|<Ci(e)|;^Margz|<|- £ ; 

M*)| < C 2 ( £ )|z|- 3 , | argz - ir\ < | - e ; 

|r 3 (z)|<C 3 (|zr 3 + |e*|| 2 r^ +1 >) , |argz T ||<e, (13.7) 

where the values Ci(e) < +oo, (^(s) < +oo, C^e) < +oo do not depend on z. 
From (|13.6[) . (|13.7[) it follows that for any e > 0, not more than finitely 

many roots of the function i^i ||; ^jS^l lie outside of the angular domain 

{z : | argz T f| < £< These roots are asymptotically close to the roots of the 
approximating function f q (z): 

/,(*) = 2**"« (e Z + ^- 2 )- 

One should distinguish several cases when examining the roots of the approximat- 
ing function f q (z). 

q — 4. In this case, the equation f q (z) = becomes e 2 : + i = 0, so, the roots of the 
approximating function can be found explicitly. These root form an arithmetical 
progression located on the straight line {z = x + iy : x = — In 2, — oo < y < oo}. 
From this and (|13.6p - (|13.7[) it follows that the roots of the the analyzed function 

i^i | |; j^aS^l are asymptotically close to the above-mentioned straight line. 

Thus, for q — 4 all but finitely many roots of the function i'I'i | | ; ; z\ are 

located in the open left half plane. In fact, for q = 4 all roots of this function are 
located in the open left half plane. To establish this, further considerations are 
needed. We follow up on this later. 

q y£ 4. In this case, the equation f q (z) = becomes the equation 
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where the exponent ^ — 2 is non-zero. The latter equation has infinitely many roots 
which have no finite accumulation points and which are asymptotically close to 
the 'logarithmic parabola' 

x = (| - 1) In {\y\ + 1) + ln\c\, -oo < y < oo , (z = x + iy). (13.8) 

From this and from (|13.6[) - (|13.7p it follows that the roots of the function 

1*1 | J ; ; z \ are asymptotically close to the logarithmic parabola (|13.8p . Now 

we should distinguish the cases q < 4 and q > 4. 

q < 4. In this case, the part of the logarithmic parabola (|13.8[) lying outside some 
compact set is located inside the left half plane. Since the roots of the analyzed 
function are asymptotically close to this parabola, all but finitely many roots are 
located in the left half plane. 

q > 4. In this case, the part of the logarithmic parabola (|13.8p lying outside some 
compact set is located inside the right half plane. Therefore all but finitely many 
roots of the function 1*1 j | ; ; z j are located in the right half plane. 

We formulate this result as 

Lemma 13.1. If q > 4, then the entire function Mb^xOi has infinitely many 
roots within the right half plane. In particular, this function does not belong to the 
Hurwitz class !H. 

Claim 2 of Lemma 111.91 is a consequence of Lemma 113.11 

Lemma 13.2. For q : < q < 2, the function Mb°°xoi belongs to the Hurwitz 
class !K. 

Proof. For q = 0, the assertion is clear: the function in question is equal to e z . For 
q > 0, Lemma Tl 3. 2 1 is a consequence of Lemma Tl 3. 31 □ 

To investigate the case q > 0, we use the integral representation 
A {i ; A ; "} = f(| + l) J?(z) 

where 

l 

/„(*)= y(i-£ a )*-Vd£. 

o 

The defect of the entire function 1*1 1 1 ; ; z\ is non- negative, so it is enough 
to prove that this function has no roots in the closed right half plane. The function 
I q (z) is of the form 

l 

I g (z) = J <p q (Z)et z <%, (13.11) 
o 

where 

p 9 (0 = (w 2 )*" 1 *. o<e<i. (i3.i2) 



(13.9) 
(13.10) 
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The crucial case is: 

For q : < q < 2, the function (p q {£,) * s positive and strictly increasing on the 
interval (0, 1). 

Lemma 13.3. [Polya] If is a non-negative increasing function on the interval 
[0, 1], then the entire function 

l 

I(z) = [ v{^ z dt (13.13) 



o 

has no zeros in the closed right half plane. 

This lemma is a continuous generalization of a theorem by S.Kakeya. Proof 
of this Lemma and the reference to the paper of S. Kakeya could be found in [Poll 
§ 1] . We give another proof, based on an approach suggested by [OsPel Lemma 4] . 

Proof of Lemma \13.S[ Let z = x + iy. Since I(x) > for x > 0, I(x) has no 
zeros for < x < oo. Let us show that I(z) has no zeros for < x < oo, y ^ 0. 
It is enough to consider the case y > 0. We prove that lm(e~ z I(z)) < for 
z = x + iy, x > 0, y > 0, thus I{z) ^ for z = x + iy. x > 0, y > 0. To prove 
this, we use the integral representation 

oo 

e- z I(z) = Jil>(£)e- i& 'd£, (13.14) 
o 

where 

m Ul-()e-«, 0<(<1, 
10, 1 < 4 < oo . 

In particular, 

oo 

- (Ime _2 J(z)) = J if; (£) sin £yd£,, z = x + iy, x>0,y>0, (13.16) 



where the function ip(£) is non-negative and decreasing on [0, oo), strictly decreas- 
ing on some non-empty open interval, and i/j(oo) = 0. Further, 

on ii 
OO 



y 

J f£(-l) fc V(e + f )) sin£y^ > : (13.17) 

Q \fc = / 

The series in the latter integral is a Leibnitz type series. Thus the sum of this 
series is non-negative on the interval of integration and is strictly positive on some 
subinterval. □ 
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Lemma 13.4. For q — 4, the function M.b°°ko<> belongs to the Hurwitz class !K. 
Proof. For q = 4, the integral in (|13.10|) can be calculated explicitly: 

W = (^-6« + 6)^ + ^-6), (1318) 

Our goal is to prove that the function ( 2z -6z+6)e +(z -6) nag nQ roo ^ g m 
closed right half plane. Instead of considering of this function, we first focus on 
the function 

f{z) = (2z 2 - 6z + 6) + (z 2 - 6)e~ z . (13.19) 

We will now prove that f(z) has no roots in the closed right half plane, other than 
the root at the point z = of multiplicity four. The function / is of the form 

f(z) = g(z) + h(z) , where g(z) = {2z 2 - 6z + 6), h(z) = (z 2 - 6)e~ z . (13.20) 

In the right half plane the function h is subordinate to the function g in the 
following sense. For R > 0, let us consider the contour T R , which consists of the 
interval I R of the imaginary axis and the semicircle C R located in the right half 
plane: 

r R = / fi UC fl , where I R = [-iR,iR], C R = {z : \z\ = R, Rez > 0} . (13.21) 

It is clear that \g(z)\ > 1.75 |z| 2 , \h(z)\ < 1.25 \z\ 2 if z € C R and R is large 
enough. In particular, \g(z)\ > \h(z)\ if z G C R and R is large enough. On the 
imaginary axis, we have that 

\g(iy)\ 2 = 36 + 12y 2 + 4y 4 , \h{iy)\ 2 = 36 + I2y 2 + y 4 , -co < y < oo, (13.22) 

In particular, \g(z)\ > for z 6 Jr, and the inequality is strict for z =/= 0. 

Thus, 

> \h(z)\ for zGTs and R large enough. (13.23) 
For < e < 1, consider the function 

/ e (*) = g(z) + (1 - e )fc(*) . (13.24) 

The polynomial g has two simple roots: z i 2 = 3± 1^ . They are located in the 
open right half plane. In view of p3.24[) and Rouchc's theorem, for e > the 
function f e (z) has precisely two roots z±(e), z 2 (e) in the open right half plane. 
For e positive and very small, the roots Zi(e), z 2 (e) are located very close to the 
boundary point z — 0. This can be shown by the asymptotic calculation. Since 
fe(z) = 6e + -^z 4 + o(|z| 4 ) as z — > 0, the equation f e (z) = has the roots 
Z\(e), z 2 {s), for which 

zi i2 (e) = e^2A^e ± ^{\ + o(e)) as e -> + . 

Since the function / E has only two roots in the open right half plane for e > 0, 
zi(e), z 2 (e) are the only roots located in this half plane. Since f(z) — lim e ^ + o fei z )i 
the function f(z) has no roots in the right upper half plane. (We apply Hurwitz's 
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Theorem.) From tll3.22[) it follows that the function / does not vanish on the imag- 
inary axis except at z = 0. At this point the function / has a root of multiplicity 
four. Thus, for q = 4 the function I q (z) is in the Hurwitz class. □ 

Claim 1 of Lemma 111.91 is a consequence of Lemma 113.21 and Lemma 113.41 

Remark 13.5. From (|13.9[) and (|13.18p we obtain: 

1 *i|j; 1 _^;zj = 2^ ^ i '- for g = 4. (13.25) 

This expression agrees with the asymptotic relation (|13.6[) . 

Analysis of the function Wg| BX , x0 j: We may calculate the function 
VVg/ B oo x o) asymptotically expressing it in terms of the appropriate Fox- Wright 
function, (|13.5[) . and then make use of the asymptotic expansion of this Fox- Wright 
function. However, we derive the asymptotic approximation of the function 
Wg, Boa xC a from the asymptotic approximation of the function M. b^xo? (£)• From 
(JHUjl and ([IH^D it follows that 

Wa(B~ x0) (i) = i(MB-xo-(**) + A4 fl -xo-(-it)) ■ (13.26) 
Comparing (|13.26|) with l|13.6jl . we see that 

f 2* t-i cos(t-^)- r ^ T t- 2 + ri(t), |argt|<e, 
= |2l(te-- )-Scos(t+f ) - r^y* _a + ra(t), |argt-7r| <e, 
[2«(teT*)-« e^l + r^t)), 2 |argt±f| < §-e, 

(13.27) 

where the remainders ri(t), r-^it), r%{£) can be estimated as follows 

|ri(t)| < d{e) (|tr( 1+ «) e l Imt l + |i|- 3 ) , I argt| < e , (13.28a) 
\r 2 (t)\ < C 2 (e) (K|-( 1+ 5) e l Imt l + |t|- 3 ) , |argt-7r|<e, (13.28b) 

k 3 (*)| < C 3 (e) I*!" 1 , |argt T || <|~£, (13.28c) 

and C\(e) < oo, Ca(£) < oo, d{e) < oo for every e : < e < -|. Moreover, the 
function Wj^ Boox0 ^(i) is an even function of t and takes real values for real t. 

From (|13.27p , (|13.28p it follows that for every e > the function W a P (Boo x0) (f) 
can not have more that finitely many roots within the angular domains {t : 
| arg (t qp §| < f — • Within the angular domain {t : | argi| < e}, the func- 
tion yVg/ BOO x0 -j (t) has infinitely many roots, and these roots are asymptotically 
close to the roots of the approximating function 

f p (t) = 2U-* cos (t - - T^yt" 2 , I argi| < e . 
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(Since the function Wq/bgq x0 -\(t) is even, there is no need to study its behavior 
within the angular domain {t : | argi — tt\ < e}.) The behavior of thr roots for the 
approximating equation f p (t) = 0, that is, the equation 

ol-f 

cos(t _££)___ t |-2 = 0; | arg t|< £ , (13.29) 

depends on p. 

If < p < 4, then all but finitely many roots of the equation p3.29[) are 
real and simple, and these roots are asymptotically close to the roots of the 
equation cos (t — ^) = 0. 

If p = 4, then all but finitely many roots of the equation Q13.29P are real and 
simple and these roots are asymptotically close to the roots of the equation 
cos (t — it) — i = 0. 

If p > 4, then all but finitely many roots of the equation (|13.29[) are non- 
real and simple, located symmetrically with respect to the real axis, and are 
asymptotically close to the 'logarithmic parabola' 

|y| = (f-l)ln(|x| + l) + lnc p , c p = , < x < oo . 

Thus we prove the following 

Lemma 13.6. For each p : < p < oo, the function Wj^ SOOx0 )(i) h- as infinitely 
many roots. All but finitely many these roots are simple. They lie symmetric with 
respect to the point z = 0. 

1- -^/O < p < 4, then all but finitely many these roots are real; 
2. // 4 < p, then all but finitely many these roots are non-real. In particular, 
the function Wg(- BOOx0 )(t) does not belong to the Laguerre-Polya class ZL-CP. 

Lemma 13.7. For < p < 2, as well as for p — 4, the function W^ Boox0 -) belongs 
to the Laguerre-Polya class. 

Proof. The equality (|13.26[) will serve as a starting point for our considerations. If 
the function A4 BaOx0P (t) is in the Hurwitz class IH, then the function 

fl(t) = M B °°xov(it) (13.30) 

is in the class T (in the sense of [Levi] ). 

Definition 13.8. |Levl[ Chapter VII, Section 4]. An entire function fl(t) of expo- 
nential type belongs to the class T if: 

1. f2(i) has no roots in the closed lower half plane {t : Imt < 0}. 

2. The defect of the function is non-negative, where 

_ ln|£l(-ir)| _ ln\n(ir)\ 
2da = lim — !— ^ ^ - lim — 1 v n . 
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In the book [Levi] of B.Ya. Levin, the following version of the Hermite-Biehler 
Theorem is proved: 

Theorem. |Levl[ Chapter VII, Section 4, Theorem 7] If an entire function f2(t) 
is in class CP, then its real and imaginary parts, ~ R f2(t) and 3 Q(t) respectively: 



3j j fi(t)-n(t) 



2 2i 
possess the following properties: 

1. TTie roote o/ eac/i of the functions R f2(i) and ^(i) are rea/ and simple; 

2. TTie zero Zocz o/ t/ie functions K f2(i) and J r2(t) interlace. 

Let us apply this theorem to the function fi(t) defined by (|13.30|) : 

ft(t) = Mb^xop{H) ■ 
Taking into account that the function Mb°°xop is real: 



M.B"xQp{t) = M.B°°xap(i), or equivalently Mb"xOp(— it) = Mb^xop{H)- Hence, 

% VL{t) = ^(M B ™xOp(it)+M B ~xOp(-it)) , 
or because of (|13.26[) : 

w fl %- x0) (*). 

Thus, the following result holds: 

Lemma 13.9. If the function M. gn x0P (i) belongs to the Hurwitz class CK, then the 
function Wj^ BOOx0 ^(i) belongs to the Laguerre-Polya class XL-CP. 

Combining Lemma 113.91 with Lemmas 113. 21 and 113. 41 we obtain Lemma [1 3 .71 

□ 

Remark 13.10. The real part for from (|13.30|) . has infinitely many non- 

real roots if p > 4. Nevertheless, all roots of the imaginary part -'fi(i) are real for 
every p > 0. 

Indeed, according to (|13. 1[) and (|13.30p . 

l 

3 fl{t)=p -f 2 )*- 1 ^ abaft d£. (13.31) 
o 

According to A. Hurwitz (see [Watl section 15.27]), all roots of the entire function 



2/ w ^ nr(z/ + / + i) \4 
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are real for every v > — 1. {J v {t) is the Bessel function of index v.) For v > — |, 
the function J v {t) admits the integral representation 

1 



o 

l 



Thus, for v > — | all roots of the entire function J(l — £ 2 ) l/ 2 cosi£d£ are real. 



n 



If all roots of a real entire function of exponential type are real, then all roots of 



1 



its derivative are real as well. Thus, for v > — | all roots of the function J(l 



11 



are real. However, for v — 2— -, the latter function coincides with 
the function - 3 il(t). 

For p — 3, we do not know whether the function Wj^ Soox0 ^(t) belongs to 
the Laguerre-Polya class or not. Our conjecture is that YES. Let us formulate our 
conjectures in terms of the Fox- Wright functions. 

Conjecture 1. For < A < 2, all roots of the Fox-Wright function 

i^ff- i-t}= y ^ + £ (13.33) 

1 1+A > r(| + l + A )k\ v ' 

lit in the open left half plane. 

We proved that Conjecture 1 holds for < A < 1 and for A = 2. 
Conjecture 2. For < A < 2, all roots of the Fox-Wright function 

are negative and simple. 

We proved that Conjecture 2 holds for < A < 1, and for A = 2. 

From Hermite-Biehler theorem it follows that if Conjecture 1 holds for some 
A, then also Conjecture 2 holds for this A. 

The conjectures 1 and 2 are related to deep questions related to 'meromorphic 
multiplier sequences'. (See [CrCs41 Problem 1.1].) 



14. Concluding remarks. 

1. In the present paper, little use was made of geometric methods. The only general 
geometric tools used were the Alexandrov-Fenchel inequalities. We did not use the 
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monotonicity properties of the coefficients belonging to the Steiner polynomials. 
If Vq, V\, V-2 are convex sets, such that 

Vi C V C V 2 

and Sv (t), Sy 1 (t), Sv 2 (t) are their Steiner polynomials, 

Sv 3 (t)= E s k{V 3 )t\ j = 0, 1, 2, 

0<fe<n 

then for the coefficients of these polynomials the inequalities 

flfc(Vi) < Sfc(Vb) < s k (V 2 ) , < fc < n. 

hold. In this context, the use of the Kharitonov Criterion for Stability may be 
helpful. (Concerning the Kharitonov Criterion see Chapters 5 and 7 of the book 
BCK and the literature quoted there.) The Kharitonov Criterion deals with the 
'interval stability' of polynomials. In its simplest form, this criterion allows one to 
determine whether the polynomial 

/(*)= a ^ k ( 14J ) 

0<fc<n 

with real coefficients a k is stable, given that these coefficients belong to some 
intervals: 

a,: < a k < a+ , < k < n . (14.2) 

Applying this criterion, one needs to construct certain polynomials from the given 
numbers , , < k < n. (There are finitely many such polynomials.) If all 
these polynomials are stable, then the arbitrary polynomial f(t), (|14.ip . whose 
coefficients satisfy the inequalities (|14.2I) . is stable. 

2. In the example of a convex set V , whose Steiner polynomial is not dissipative, 
the set V is very 'flat' in some direction. (See Theorem 12. 121 ) 

Definition 14.1. The solid convex set V, V C K n , is said to be isotropic (with 
respect to the point 0), if the integral 

J \(x, e)\ 2 dv n (x) 
v 

is constant with respect to e, for every vector e 6 W 1 such that (e, e) = 1 . 
Here ( . , . ) is the standard scalar product in R" , and dv n (x) is the standard 
n-dimensional differential volume element. 

Question. What can one say about Steiner polynomials associated with a convex 
set V which is isotropic? 
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